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Abstract. Let fc be a locally compact complete field with respect to a discrete 
valuation v. Let O be the valuation ring, m the maximal ideal and F{x) G 
0[x] a monic separable polynomial of degree n. Let S = f(Disc(F)). The 
Montes algorithm computes an OM factorization of F. The single-factor lifting 
algorithm derives from this data a factorization of F (mod m"), for a prescribed 
precision u. In this paper we find a new estimate for the complexity of the 
Montes algorithm, leading to an estimation of O (n^'^'^ + n^+''(5^+'' -|- n^u^'^'') 
word operations for the complexity of the computation of a factorization of 
F (mod m"^), assuming that the residue field of k is small. 



Introduction 

Let A be a Dedekind domain whose field of fractions i^T is a global field. Let 
L/K he a. finite separable extension and B the integral closure of A in L. Let 9 ^ L 
be a primitive element of L/K, with minimal polynomial f{x) £ A[x\. 

Let p be a non-zero prime ideal of A, Vp the canonical p-adic valuation, the 
completion of K at p, and Op the valuation ring of Kp. 

The Montes algorithm |GMN11[ IGMN12| computes an OM representation of 
every prime ideal ^ oi B lying over p |GMN12a) . This algorithm carries out a 
program suggested by 0. Ore |Ore23l[Ore28) . and developed by S. MacLane in the 
context of valuation theory |McL36[ IMcL36a] . An OM representation is a computa- 
tional object supporting several data and operators, linked to one of the irreducible 
factors (say) F{x) of f{x) in Op [a;]. Among these data, the OM representation con- 
tains all the Okutsu invariants of F, which reveal a lot of arithmetic information 
about the finite extension of Kp determined by F |Oku821 IGMNlOj . The initials 
OM stand indistinctly for Ore-MacLane or Okutsu-Montes. 

The Montes algorithm has been used as the core of several arithmetic rou- 
tines to compute prime ideal decomposition, integral bases and the discriminant 
of L/K, generators of prime ideals, the *P-adic valuation, urp : L* — > Z, the re- 
duction mapping, B — > ^/^, the Chinese remainder algorithm in B, and the 
p-valuation of discriminants and resultants of polynomials with coefficients in K 
|(;MN11I [GMN12bl l(;MN12al INarl2) . 

Also, if the Montes algorithm is combined with the single-factor lifting algorithm 
|GNP12) . they yield a fast factorization routine for polynomials over local fields, 
which turns into an acceleration of some of the above mentioned routines. 
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The complexity of the Montes algorithm was analyzed by D. Ford-0. Veres 
[FVlOj and S. Pauli [PaulOj . Assuming p small, they obtained an estimation of 
0(n^+'^5^+'^) word operations for the algorithm used as an irreducibility test for 
polynomials over local fields, where n = [L: K] and 6 = t;p(Disc(/)). Then, by 
natural extrapolation arguments they concluded that this estimation is valid for 
the general algorithm too. 

In this paper, we present a new estimation for the complexity of the Montes 
algorithm. To this end, we find the least precision v such that the polynomial 
f{x) (mod p'^) contains sufficient information to detect that f{x) is irreducible over 
Op, and the least precision such that a factorization of f{x) (mod p'') determines 
a "sufRciently good" approximate factorization of f{x) over Op. 

In section [1] we review the role of the Okutsu invariants of the irreducible factors 
of f{x) over Op, which are essential for our purposes. In section [21 we introduce 
a new Okutsu invariant, the exponent of the Okutsu discriminant, which is a key 
ingredient to prove that the irreducibility of f{x) over Op may be tested by working 
at precision i/ = [26 /n\ + 1 (Theorem 12. 3|) . In section [3] we introduce the concept 
of OM factorization, giving a precise sense to what we mean by a "sufRciently 
good" approximate factorization. We show that the OM representations satisfying 
certain properties are the adequate objects to deal with OM factorizations from 
a computational perspective, and we prove that an OM factorization of f{x) over 
Op can be found by working at precision ly — S + 1 (Theorem I3.14p . In section 
m we review the Montes algorithm as a device to compute an OM factorization of 
f{x) over Op. Finally, in section [5] we use these results to obtain an estimation 
of 0{n^~^'^ + (5^"'"'^) word operations for the complexity of the Montes algorithm 
used as a polynomial irreducibility test, and an estimation of 0(n^+'^ + n^'^'^S'^'^'^) 
word operations for the complexity of the general algorithm. This estimation yields 
improved estimations for the complexity of all the arithmetic routines mentioned 
above. For instance, we deduce an estimation of O + n^'^'^S^'^'^ + 

word operations for the complexity of the factorization of f{x) over C'p[a;], with 
an arbitrary prescribed precision v (Theorem IS.ISp . The best known previous 
estimation for the factorization of polynomials over local fields had total degree 
4 + e in 71, (5 and 1/ |GNP12| . 

1. Okutsu invariants of an irreducible polynomial over a local field 

Let A: be a local field, i.e. a locally compact and complete field with respect to a 
discrete valuation v. Let O be the valuation ring of k, m the maximal ideal, tt e m 
a generator of m and ¥ = O/m the residue field, which is a finite field. Let p be the 
characteristic of F. 

Let k^°P C fc be the separable closure of k inside a fixed algebraic closure. Let 
v: k Q U {oo}, be the canonical extension of the discrete valuation v to fc, 
normalized by w(fc) = Z. 

Let F{x) G 0[x] be a monic irreducible separable polynomial, 9 G fc^°P a root 
of F{x), and L ~ k{9) the finite separable extension of k generated by 6. Denote 
n := [L: k] — degF. Let Ol be the ring of integers of L, tul the maximal ideal 
and ¥l the residue field. We indicate with a bar, : 0[x] — > ¥[x], the canonical 
homomorphism of reduction of polynomials modulo m. 

Let [(1)1, ... , (jjr] be an Okutsu frame of F{x), and let 0r-+i be an Okutsu approxi- 
mation to F{x). That is, 0i, . . . , (pr+i G 0[x] arc monic separable polynomials of 
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strictly increasing degree: 

1 < TOi :— deg0i < • • • < rrir :— degcfir < Wr+i ■— <ieg(j)r+i — n, 
and for any monic polynomial g{x) e 0[x] we have: 

(1) nil <Aegg < m^+i =4> — < < , 

deg5 m^+i 

for < i < r, with the convention that mo — 1 and (l)o{x) = 1. It is easy to deduce 
from ([T]) that the polynomials <f>i{x), . . . , (j)r+i{x) are all irreducible in 0[x\. 

The length r of the frame is called the Okutsu depth of F{x). Okutsu frames 
were introduced by K. Okutsu in [Oku82J as a tool to construct integral bases. 
Okutsu approximations were introduced in jGMNlO] . where it is shown that the 
family 0i, . . . , 0^, i'r+i determines an optimal F-complete type of order r + 1: 



(2) 



LF = 



(V'o; (</>!, Ai, -01); •• • ; ((?!)r,A^,'0r); ((/>r+i, Ar+i,?Ar+i)), or 
^ (V'o; {(f>i,Xi,ipi); ■■■ ; {(f>r,Xr, A); {F, -oo, — )), 

according to (j>r+i ^ F ox (pr+i = F, respectively. We call t^? an OM representation 
of F. In the case (j)r+i = F, we say that the OM representation is exact. 

Any OM representation of the polynomial F carries (stores) several invariants 
and operators yielding strong arithmetic information about F and the extension 
L/k. Let us recall some of these invariants and operators. 

Attached to the type tp, there is a family of discrete valuations of the rational 
function field k{x), the MacLane valuations: 

Vi-. k{x) — >ZU{oo}, l<i<r + l, 

such that = vi{F) < • • • < Vr+i{F). The ui-value of a polynomial in k[x] is the 
minimum of the values of its coefficients. 

Also, tp determines a family of Newton polygon operators: 

N,: k[x] — >2"', l<i<r + l, 

where 2^^ is the set of subsets of the Euclidean plane. Any non-zero polynomial 
g{x) £ k[x] has a canonical (/(^-development: 

9i^)^y2n^ as{x)(f>i{xy , degas <m^, 

and the polygon Ni{g) is the lower convex hull of the set of points {s,Vi{as4>f))- 
Usually, we are only interested in the principal polygon N~{g) C Ni{g) formed 
by the sides of negative slope. For all 1 < i < r, the Newton polygons Ni{F) 
and Ni{(j)i^i) are one-sided and they have the same slope, which is a negative 
rational number A^ G Q<o- The Newton polygon Nr+i{F) is one-sided and it has 
an (extended) integer negative slope, which we denote by A^+i £ Z U {— oo}. 

The triple {(j)i,Vi,Xi) determines the discrete valuation w^+i as follows: for any 
non-zero polynomial g{x) G K[x], take a line of slope A^ far below Ni{g) and let it 
shift upwards till it touches the polygon for the first time; if u is the ordinate of 
the point of intersection of this line with the vertical axis, then Vi+i{g) = CiU. 

There is a chain of finite extensions: F = Fo cFi C ••• C F^+i = F^. 
The type tp stores monic irreducible polynomials ipi{y) G Pi[y] such that F^+i ~ 
Fi[y]/('0i(j/)). We have ipi{y) ^ y, for all i > 0. Finally, for every negative rational 
number A, there are residual polynomial operators: 

Rx,^: k[x]^¥,[y], 0<i<r + l. 
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We define Ri := Rx.,i. For all < i < r, we have Ri{F) ~ '0"'^^ ^^'^ Ri{(t)i+i) ~ V'jj 
where the symbol ^ indicates that the polynomials coincide up to a multiplicative 
constant in F*. For z = we have Rq{F) =F = -00 ' and i?o(0i) = 0i = -00- The 
exponents oji+i are all positive and w^+i = 1- The operator Rr+i is defined only 
when (fir+i ^ F; in this case, we have also Rr+i{F) i^r+i, with tpr+iiu) G IF'r+i[y] 
monic of degree one such that ipr+iiy) 7^ y- 

From these data some more numerical invariants are deduced. Initially we take: 

Too := 1, /o := degf/'o, eo := 1, /lo := Vb := /i^o := I'd = 0. 
Then, we define for all 1 < i < r + 1: 

hi, a positive coprime integers such that ~ —hi/ci, 
fi := deg0i, 

TOi deg0i = ei_i/i_imi_i = (cq ei • • • ei_i)(/o/i • • • /i-i), 
A^i — Ei<j<i(ej7j • • • Sifi - l)/ij7(ei • • • ej), 
^« :=Ei<j<^/»j/(ei---ej), 

14 := Wi(0i) = ei^ifi-i{ei^iVi-i + /i^-i) = (eo • • • ei_i)(^i_i + 

The general definition of a type may be found in jGMN12l Sec. 2.1]. In later 
sections, we shall consider types which are not necessarily optimal nor _F-complete. 
So, it may be convenient to distinguish these two properties among all features of 
a type that we have just mentioned. 

Definition 1.1. Let t — {ipg; (0i, Ai, 0i); • • • ; (0i, Ai, be a type of order i and 
denote mi^i := eifimi. Let g{x) G K[x\ be a polynomial. 

• We say that t is optimal if mi < ■ ■ ■ < rui. We say that t is strongly optimal if 

TOi < • ■ • < TOj < TOj_|_i . 

• We define ordt{g) '■— ord^^ Riig) *^ ^i[y]- If OTdt{g) > 0, we say that t divides 
17(2;), and we write t | g{x) . This function ordt behaves well with respect to products: 
oidt{gh) = ordt (5) + ordt(/i). 

• We say that t is ^-complete if ordt (.9) = 1 • 

• A representative oft is a monic polynomial 4>{x) G 0[x\ of degree mi^i, such 
that ordt(0) = 1. This polynomial is necessarily irreducible in 0[x]. The degree 
TOj+i is minimal among all polynomials satisfying this condition. 

• For any < j < J, the truncation oft at level j, TrunCj(t), is the type of order 
j obtained from t by dropping all levels higher than j . We have ordxruncj (t) (5) ^ 
(ej+i/j+i) • • • {cifi) ordtig). 

Thus, for a general type of order i dividing F, we have toi | • • • | and uji > 0, 
but not necessarily toi < • • • < m.^ = degi^, and uJi = 1. These were particular 
properties of our optimal and i^-complete type tp of order i = r + 1, constructed 
from an Okutsu frame and an Okutsu approximation to F. 

An irreducible polynomial F admits infinitely many different OM representa- 
tions. However, the numerical invariants ei,fi,hi, for < z < r, and the MacLane 
valuations vi, . . . , Vr+i attached to tp, are canonical invariants of F. 

The data Xr+i,ipr+i are not invariants of F; they depend on the choice of the 
Okutsu approximation 0r+i- The integer slope A^+i = — ft-^+i measures how close 
is (jjr+i to F. We have (j)r+i = F if and only if hr+i = 00. 
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Definition 1.2. An Okutsu invariant of F{x) is a rational number that depends 
only onei,..., e^, fo, /i, • • • , fr, hi,..., K. 

We are specially interested in the following invariants of the polynomial F{x): 

e{F) := e[L/k), the ramification index of L/k, 

f{F) :— f{L/k), the residual degree of L/k, 

fj.{F) :— max{w(g(6')) | g{x) S 0[x] monic of degree less than n}, 

(5(F) := w(Disc(F)). 

The different ideal of L/k is Diff(L/fc) = (mL)'^~^+^, for some integer p > 0, 
which is not an Okutsu invariant. Also, p = if and only ii L/k is tamely ramified. 

Proposition 1.3. |GMN12l Cor. 3.8], |Narl21 Cor. 1.8] 

e{F) = eoci- ■ -Cr, /(F) = /o/i • • • /r, 

H{F) ^ iir^ Ei<j<r(ei/i • • ■ er/r " l)/ij/(ei • ■ • ej), 

5{F) = nii{F) + f{F)p. 

Thus, e(F), f{F) and ^{F) are Okutsu invariants of F, but 5{F) is not. Never- 
theless, the lower bound by an Okutsu invariant, (5(F) > nii{F), will be essential 
for our purposes. 

Definition 1.4. The length of a Newton polygon N is the abscissa of its right end 
point; we denote it by i{N). 

The following lemma will be frequently used. 

Lemma 1.5. GMN12[ Prop. 2.7,Lem. 2.17,Thm. 3.1] Let t be a type of order r. 

(1) Vi{a) — eo ■ ■ ■ ei-iv(a), for all a ^ k and all 1 < i < r + 1. 

(2) £(Nr+i{g)) — ordt^g), for any non-zero polynomial g{x) S k[x\. 

(3) v{(i)^{e)) = (y, + |A,l)/(eo---e,_i) = fii-i + v„ for alll<i<r + 1. 

(4) v{4)i{9))/mi = Vi+i/(mi+ieo • • • Ci), for all 1 <i <r. 

We end this background section by recalling the Okutsu equivalence of irreducible 
separable polynomials over O, and the concept of width of such a polynomial. 

Lemma 1.6. IGNP121 Lem. 3.1] Let t be a strongly optimal type of order r, and 
let (j) G 0[x\ be a monic polynomial of degree m^+i. Let F G 0[x\ be an irreducible 
separable polynomial such that t ] F , and let 6 G fe'^'^P be a root of F . Then, the 
following conditions are equivalent: 

(a) (j) is a representative oft. 

(b) v{(j){e)) > Vr+i/ (eo • • • er) = {mr+i/mr)v((t>r{0)). 

Definition 1.7. Let F G 0[x] be a monic irreducible separable polynomial of 
Okutsu depth r, and let tp be an OM representation of F as in (0). Let t :— 
TrunCr(tf). We say that a monic polynomial G € 0[x] is an Okutsu approxima- 
tion to F, and we write F G, if G is a representative oft. 
We also say that F and G are Okutsu equivalent polynomials. 

By Lemma 11.61 this definition does not depend on the choice of the OM rep- 
resentation of F. The binary relation w is an equivalence relation on the set of 
all monic irreducible separable polynomials in 0[x] |GMN10[ Lem. 4.3]. Okutsu 
equivalent polynomials have the same Okutsu invariants and the same MacLane 
valuations |GMNini Cor. 3.7]. 
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For F as above, and 1 < i < r + 1, let Repj(F) C 0[x] be the set of all 
representatives of TrunCi_i(tF). Consider: 

H Mm) I 4' e Rep,(^^)} C Q u {^}. 

By the formula G Repj(F) and t;((?!)j(6')) Max(H), for ah 1 < « < r. By 

definition, Rep^_|_]^(-F) is the set of all Okutsu approximations to F{x). The set 
Vr+i is not finite, and it contains oo, because F € Rep^^i(F). 

The sets Vi, . . . , Vr are finite and easy to describe jGNP12[ Prop. 3.4]. 

Proposition 1.8. For any A G Q, let Mx {m e Z | 1 < m < |A|}U{|A|}. Then, 

V,; = {{V^ + m)/(eo • • • e^-l) I m G Mx,} , 

for all 1 <i <r. In particular, =fl=Vi = [|Ai|] — \hi/ei\. 

The width of F{x) is defined to be the vector of positive integers, 

(#Vi,...,#V,) = (r/ii/eil,---,rVerl). 

As we shall see in section [Sj it is a fundamental invariant for the analysis of the 
complexity of the Montes algorithm. 

2. The Okutsu discriminant 

We keep all notation from the previous section. In this section we introduce 
a new Okutsu invariant of an irreducible polynomial F{x) G 0[x\, linked to the 
problem of determining the least exponent v such that all polynomials of degree 
n — degF, belonging to F{x) + m'^[x], are irreducible in 0[x\. 

Definition 2.1. Let F{x) G 0[x\ he a manic irreducible separable polynomial of 
degree n and tp an OM representation of F as in (0). If r is the Okutsu depth of 
F{x), we define the Okutsu discriminant of F{x) as the ideal m'*''*-^-', where 

(3) OoiF) := — — = fir + Vr= > . 

The exponent 5o{F) of the Okutsu discriminant coincides, up to a certain nor- 
malization, with the ordinate of the left end point of Nr{F). 

Lemma 2.2. With the above notation, denote Ui := Vi{aQ^i{F)), for 1 < i < r, 
where ao^i{F) G 0[x] is the 0-th coefficient of the (pi-development of F. Then, 

(1) ui < U2/ei < ■■■ <Ur/{eo- --er^i) = Sa{F). 

(2) Sq{F) < 2S{F)/n, and equality holds if and only if either r — 0, or r = 1, 
ei/i = 2, p > ei. 

Proof. Denote Ui — n/vrii = {cifi) ■ ■ ■ {crfr)- The Newton polygon Ni{F) is one- 
sided, with end points (0, m) and (wi, Vi{F)) |GMN12[ Lem. 2.17]. Also, the leading 
term of the ipi-adic expansion of F is 0^'. Thus, Vi{F) = UiVi and 

(4) = = =n , 

eo---ei-i eo- eo • ■ • e^-i 

the last equality by Lemma [1.51 (3). By the properties ([T]) of the Okutsu frame, 
ui < uijcx < ■ ■ ■ < Ur/{eQ ■ ■ ■ e^-i). Also, by Lemma[L5l(4), 

u,./(eo ■ • -er-i) = in/mr)v{(l)r{0)) = K+i/e(F) = Sq{F). 

On the other hand, since Cifi > 1, for all 1 < i < r, we have Vr < fir = IJ'iF)- 
Thus, (5o(F) < 2iJ,{F) < 2S{F)/n, by Proposition [HI Also, equality holds if and 
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only if fj,r = Vr and F determines a tamely ramified extension of k (i.e. p = 0). 
The formulas for /i^, Vr in section [T] lead to the conditions of item (2). □ 

The aim of this section is to prove the following result. 

Theorem 2.3. Let F{x), G{x) G 0[x] be monic separable polynomials of degree n, 
such that F = G (mod Tn'^), for some positive exponent v . 

(1) If F is irreducible and v > So{F), then G is irreducible and G ~ F. 

(2) If G is irreducible and v > 25{F)/n, then F is irreducible and F k, G. 

Corollary 2.4. Let F(x), G{x) e 0[x\ be monic separable polynomials of degree n, 
such that F = G (mod tn"), for v > 2S{F)/n. Then, F is irreducible if and only 
if G is irreducible. If this is the case, the extensions of k determined by F and G 
have isomorphic maximal tamely ramified subextensions. 

Proof. By Theorem 12.31 and Lemma 12. 2[ F is irreducible if and only if G is irre- 
ducible, and in this case F G. Also, if F w G, then for adequate choices of 
roots 9, 9' G of F and G, respectively, the fields k{9) and k{6') have the same 
maximal tamely ramified subextension |Oku82| . |GMN10| Prop. 2.7]. □ 

The first item of Theorem l2.3l follows immediately from Lemma [521 In fact, for 
9 S k^^P a root of F, the assumptions of the first item imply that v{G{9)) > So{F) = 
nv{4>r{9)) /rrir, and this is precisely the condition to be an Okutsu approximation 
to F (cf . Lemma II. 6|) . As mentioned in Definition 11.11 this implies that G is 
irreducible. 

The second item is more subtle and its proof more involved. We need some 
previous results. 

Definition 2.5. Let t — {ipo; {(pi, Ai, • • • ; {ipi-i, Xi-i,ipi^i)) be a type of order 
i — 1 > 0, and let F(x) G 0[x] be a monic polynomial. We say that F{x) is a 
polynomial of type t if it satisfies the following conditions: 

(1) Ro{F) — F ^ ^o".' /"^ certain positive exponent oq, 

(2) Nj(F) is one-sided of slope Xj, for all 1 < j < i, 

(3) RjiF) ~ V'j^; for a certain positive exponent Oj, for all I < j <i. 

For instance, if F is irreducible and is an OM representation of F, then F is 
of type tp. The following properties of the polynomials of a certain type are taken 
from jGMN12| Lem. 2.4, Cor. 2.18]. 

Lemma 2.6. Let t be a type of order i — 1 > 0, and let F{x) G 0[x] be a monic 
polynomial of positive degree. Then, the following conditions are equivalent: 

(1) F is of type t. 

(2) degF = m,ordt(F). 

(3) All irreducible factors of F in 0[x] are divisible by t. 
In this case, we have Ni(F) — N^{F). 

Lemma 2.7. Let t be as above and let F,G ^ ^[^] monic irreducible separable 
polynomials, both divisible by t. Let i{F), i{G), X{F), X{G) be the lengths and the 
.slopes of the Newton polygons Ni{F), Ni{G), respectively. Then, 

v{Res{F, G)) > /o • • • /._i^(i^K(G) {V, + min{|A(i;^)|, |A(G)|}) . 
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Figure 1. Newton polygons Nj{Fs), Ni{Fs), ioi 1 < j < i. 




ej,s is 



Proof. For all < j < i, denote ij+i{F) := l{Nj+i{F)) = ordTru„c,(t) (i^) = 
ord^j Rj{F), the last equalities by Lemma [T31 (2V Since RjiF) - t^f+'^^^ and 
deg Rj{F) coincides with the degree £j{F)/ej of the unique side of Nj{F), we have 

(5) 1,{F) = e, degi?,(F) = e,f,l,+,{F) - (e,/,) • • • 1 < j < 

We consider an analogous notation and equality for the polynomial G. 

We now apply an inequality concerning the value of the resultant of two poly- 
nomials in terms of their Newton polygons ^GMN121 Thm. 4.10]: 

t;(Res(F, G)) > Resi(F, G) + ■ ■ ■ + ReSi{F, G) := 

Ei< /o ■ • • /.■-i^. (^)^. (G)|A,| + /o • • • /,_i^(FK(G)min{lA(i^)l, 1A(G)|} 

= /o • • • h-i£{F)e{G) (y, + min{|A(F)|, |A(G)|}) . 

the last equality by (O and the explicit formula for Vi in section [1] □ 

Lemma 2.8. Lett = [-ipQ] ((pi, Xi^tpi); ■ ■ ■ ; A^^i, be a strongly optimal 

type of order i — 1 > 0, and 4){x) S 0[x] a representative oft. Let F{x) £ 0[x] be 
a monic polynomial of type t and degree n > rrii. Then, 

f»(F)+^|An,in| ^ 25{F) 

eo---ei-i ~ n 

where 5{F) := ?;(Disc(F)), I is the length of the Newton polygon Ni{F) with respect 
to the pair (t,(j)), and Amin is the slope of Ni{F) for which |Amin| is minimal. 

Proof. Let F = Fi ■ ■ ■ Fg be the factorization of F into a product of monic irre- 
ducible polynomials in 0[x], with degrees ni, . . . ,ng, respectively. By Lemma 12.61 
all factors Fs{x) are of type t, N,{F) = Nr{F), and Ni{Fs) = Nr{Fs). 

For I < s < g and I < j < i, wc introduce the following notation (see Figured]): 

e := i{N,iF)), e,,s := ^(iV,(F,)), 4 4,. = eiN^iFs)), 
Ui,s := the ordinate of the left end point of Ni{Fs), 
'■= the slope of Ni{Fs). 

We may have Fs{x) = (j){x) for some factors. In this case, Ni{Fs) is one-sided of 
slope fis = —oo |GMN12I Sec. 1.1], and Ui^s — oo, is = 1. 

By Lemmas 11.51 and 12.61 we have n = mil and = rriiis, for all 1 < s < 5. By 
the theorem of the product jGMN121 Thm. 2.26], 

(6) N,{F) = N,{Fi) + --- + N,iFg), 

so that i = £1 + ■ ■ ■ + ig and |Ainin| = niini<s<g{|/is|}. Now, we divide the factors 
Fg into two categories, according to > 1 or = 1. 



COMPLEXITY OF OM FACTORIZATIONS 



9 



If > 1, then degcj} — rrii < Ug. Let 6*^ G fc be a root of Fs and choose a 
representative (f)i of t such that the value v{(f)i(6s)) is maximal (cf. Proposition 
ll.Sp . Denote by the Newton polygon operator with respect to the pair {t,(j)i); 
let Ai.s be the slope of the one-sided polygon Nl{Fs), and let be the irreducible 
factor of the corresponding residual polynomial R^{Fs). By |GMN10l Thm. 3.9], 
the Okutsu depth of F^ is greater than or equal to i, and the type 

{ipo; (01, Ai, V"!); ■ • • ; ((/'i-i, Ai_i,-0i^i); {(f>^, X^,s,il'i,s)), 

is the truncation of an OM representation ^ of Fg. On the other hand, [GMNll| 
Thm. 3.1] shows that the Newton polygons Ni{Fs), N^{Fs) have the same right 
end point, and \fis\ < |Ai.s|. Thus, Ui^s is less than or equal to the ordinate of the 
left end point of Nl{Fs), and Lemma [2T2l and ([4]) show that: 

(7) 2S{F ) > = ^"^"^^^ + l^«l) > {^sfm^{Vi + |Amin|) 

On the other hand, if Is = 1, the type t is i^s-complete (cf. Definition II. ip . 
degFs = rrii and the Okutsu depth of Fs is i — 1. In this case, the ordinate 
Ui^s is not a canonical invariant of F^] for instance, we may have u^^s = cxd, if 
Fs = (p. Nevertheless, if z > 1, let us denote by Ui_i,s the ordinate of the left end 
point of Ni_i(Fs)] by the very definition of the MacLane valuation Vi, we have 
isVi — Vi{Fs) — ej_iUj_i s, and Lemma 12.21 shows that: 

~eo---ei„2 eo---ei_i eo---ei_i 

If i = 1, we have Vi = 0, so that dS]) holds in this case too. 

We are ready to prove the lemma. On one hand, since Vi{F) — £Vi, we have 

n(i;,(F) +^|A„,i„|) = ne{V, + |A„,i„|) = m,f{V, + |A„,i„|). 

On the other hand, since /o • • • /i-i = mi/{eo ■ ■ ■ e^-i) and 

^ — ^l<s<g ^ — ^l<s<t<g 

by O, ® and Lemma [121 we get: 

2eo ■ • • e._i5 (F) > m,V, f V ^ ^ (4)' + 4 V £s£t) + 



<s<t<g 



where I '■— {1 < s < g \ Is > !}■ Thus, in order to prove the lemma it is sufficient 
to check that: 



'sG/ ^-^l<s<t<g 

It is an easy exercise to show that this is always the case, with the only exception 
g = 1, £i = I. But in this case, degF = m^, against our assumption. □ 

Lemma 2.9. Let t be a type of order i — 1 and cf) a representative of t. Let 
F, G € C>[x] be two polynomials such that F = G (mod m''), for some positive 
integer v. Let S be a side of N~ (F) of slope A and right end point {£, u), such that 
u + £\X\ < eo ■ ■ ■ Bi^iiy. Then, S is a side of (G) and R\,i{F) — R\ i{G). 
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Figure 2. Newton polygon Ni{F) in the context of Lemmas 12.81 [2Jl 



eo ■ ■ ■ Ci-iu 
i,,(F) + £|A„,i„ 



Vi{F) 




Proof. Let F{x) = J2o<s ^s{x)(j){x)^ , G{x) — J2o<s^s{x)(j){xy , be the canonical 
0-expansions of F and G, respectively. For the elements a G O, Lemma [1.51 shows 
that Vi{a) = Co • • • ei-iv{a); thus, Vi{F — G) > Cq ■ • ■ Si-iv, by hypothesis. Since 
F{x) — G{x) = X]o<s(^s(-^) ~ bs{x))(j){xY is the canonical c/i-expansion of F — G, 
[GMN12[ Lem. 2.17] shows that 

eo ■ • • Ci^iv < v,{F - G) = min{ui((as - 65)0") | < s}. 

Therefore, the two clouds of points {(s, Wi(as | < s}, {{s,Vi{bs(j)'')) | < s}, 
have the same points with ordinate less than cq • • • e^-i^. Let L be the line of slope 
A containing 5*. No point of the cloud of F lies below the line L, and only the 
points of S lie on this line. The condition u + £\X\ < eg • • • ei-ii> implies that the 
cloud of points of G has the same properties. Thus, 5 is also a side of Nf{G). 

Let A = —h/e, with h,e positive coprime integres. Let Wi+i be the MacLane 
valuation determined by t, 0, A. By the definition of w^+i (cf. section [IJ, 

v^+l{F -G) > eo---e,_iei/ > e{u + e\X\) = v.,+i{F) = w,+i(G). 

Therefore, Rx,riF) = Rx^G), by |GMN12l Prop. 2.8]. □ 

Proof of Theorem \2.3\ The first item of Theorem 12.31 was proved right after Corol- 
larv l2.4l Let us prove the second item. Let r be the Okutsu depth of G(a;). Consider 
an OM representation to of G{x) as in ©, and let 

t := TrunCr(tG) = (V'o; (0i, Ai,-0i); • • • ; {(t>r, Xr,1pr))- 

Note that t is a strongly optimal type that admits G as a representative. 
In order to prove the theorem, it is sufficient to show that 

(9) N,{F) = N,{G), R^{F)=R,iG), l<i<r. 

In fact, Rr{F) — Rr{G) implies that t is i^-complete too; thus, F is a representative 
of t, and F w G, by the definition of w. 

By hypothesis, F = G = tpQ° (mod m), for a certain positive exponent ag. Let 
us prove (jH]) by induction on i. We assume that it is true for all 1 < j < i (thus, 
we make an empty assumption if i = 1). Since G is a polynomial of type t, our 
assumption implies that F satisfies the conditions of Lemma 12.81 thus. 



eo---ei-i ~ n 

where I = £{Ni{F)) and Amin is the largest slope of this polygon ([AminI is minimal). 

Let Smin be the side of Ni{F) of slope Amin- By Lemma [^31 S'min is one of 
the sides of Ni{G) (see Figure [21) ■ Since G is irreducible, Ni{G) is one-sided, so 
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that Ni{G) — 5*111111- Thus, the left end point of 5min has abscissa zero, so that 
N,{F) = Smin = N^{G). Also, R,{F) = R^{G), again by Lemma EH □ 

Remark 2.10. In |FPR02j . the reduced discriminant of an arbitrary poly- 

nomial F{x) G 0[x] is introduced, and it is shown that Corollary 12.41 holds with 
26*{F) in the place of 26{F)/n. However, the reduced discriminant does not satisfy 
5*{F) < 6{F)/n, so that Theorem 12.31 cannot be deduced from this result. 

For instance, suppose p odd and consider F{x) ~ x'^ + anx^ + bir'^ € 0[x], with 
ab{a^ —46) ^ m. This polynomial is irreducible; in fact, if we choose (f>i{x) = a: as a 
lift of the irreducible factor of F, the Newton polygon Ni{F) is one-sided of slope 
— 1/2 and R-i/2,i{F)iy) = + ay + b is irreducible in ¥[y]. One checks easily that 

So{F) = 2, 6*{F) = 3, S{F) = 6. 

By the first item of Theorem l2.31 any monic polynomial G{x) G 0[x] of degree four 
such that F = G (mod m'^), is irreducible. If we did not know the irreducibility of 
F, then Corollary 12.41 shows that we can test its irreducibility by working modulo 
m^. However, according to the criterion of the reduced discriminant, we should 
work modulo to test the irreducibility of F. 

3. OM FACTORIZATIONS OF POLYNOMIALS 

In this section, we deal with the problem of finding "sufficiently good" approx- 
imations to the irreducible factors of a polynomial in 0[x]. We first extend the 
notion of Okutsu equivalence in section [T] to non- irreducible polynomials. 

Definition 3.1. Let F,G Cz 0[x] be monic separable polynomials, and let F — 
Fi ■ ■ ■ Fg, G ~ Gi ■ ■ ■ Ggi he their factorization into a product of monic irreducible 
polynomials in 0[x]. We say that F and G are Okutsu equivalent, and we write 
F G, if g — g' and Fg ~ Gs for all 1 < s < g, up to ordering. 

An expression of the form, F w Pi ■ ■ ■ Pg, with Pi, . . . ,Pg G 0[x\ irreducible, is 
called an Okutsu factorization of F . 

Clearly, every F e 0[x\ admits a unique (up to ss) Okutsu factorization. How- 
ever, this concept is too weak for our purposes. For instance, if all factors of F 
are Okutsu equivalent to P, then F w is an Okutsu factorization of F which is 
unable to distinguish the true irreducible factors of P. 

Definition 3.2. Let P w Pi • • • Pg be an Okutsu factorization of a monic separable 
polynomial F G 0[x\. For each 1 < s < g, let Fg be the irreducible factor of F 
which is Okutsu equivalent to Pg , and let Og € k^'^^ be a root of Fg . 
We say that F k, Pi ■ ■ ■ Pg is an OM factorization of P if 

(11) v{Pg{eg))>v{Pg{et)), vi<s^t<5. 

3.1. OM factorizations and OM representations. This section is devoted to 
study basic properties of the OM factorizations and to find a characterization of the 
condition ([TT|) in terms of OM representations of the factors of P, which facilitates 
the computation of these factorizations in practice. 

We denote by 4'\, A*, V^, etc. the data at the i-th level of a type t. Also, 
Rep(t) denotes the set of representatives of the type t. 

Lemma-Definition 3.3. Let t, t' be two strongly optimal types over O. The 
following conditions are equivalent: 
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(a) Rcp(t) ^ Rep(t'). 

(b) There exist representatives (j), (j)' oft, t' , respectively, such that w 0'. 

(c) ordt(i^) = ordt'(i^), for all polynomials F ^ 0[x\. 

When these conditions are satisfied, we say that the types t andt' are equivalent. 

Proof. By Definition 11.71 (a) and (b) are equivalent. Suppose that t and t' admit 
a common representative 0. By |GMN10[ Thm. 3.9], [0*, . . . , and [^*', . . . , </>*'], 
are Okutsu frames of (j); thus, r = r' and the two types have the same Okutsu 
invariants and MacLane valuations vi, . . . ,Vr+i [GMN10[ Cor. 3.7]. Hence, the 
two types have the same Newton operators iV^+i, and (c) follows from Lemma 
ll.5i (2). Finally, since the representatives of t are monic polynomials cj) of degree 
rrir+i such that ordt(</>) = 1, (c) trivially implies (a). □ 

If two strongly optimal types t, t' of order r are equivalent, then Lemmas 11.51 
ll.Gl show that ^ (j)} , for all 1 < i < r. Since is a representative of TrunCi_i(t), 
the truncations of t and t' of any order < i < r are equivalent too. 

By [GMNlOj Thms. 3.5,3.9], the mapping, t i-> Rep(t), induces a 1-1 correspon- 
dence between equivalence classes of strongly optimal types and equivalence classes 
of monic irreducible separable polynomials in 0[x], under Okutsu equivalence. 

Let F € 0[x] be a monic irreducible separable polynomial, and let r be its 
Okutsu depth. We recall that an OM representation of F is just an optimal type 
ti? of order r + 1, satisfying any of the following equivalent conditions: 

• ti? is F-complete; i.e. ordtp(F) = 1, 

• ti. I F and F « 

By Lemma-Definition 13.31 ii tp and t'^ are OM representations of F, the types 
TrunCr(ti?) and Trunc,.(t^) are equivalent. 

Definition 3.4. Let F,G G 0[x] be monic irreducible separable polynomials of 
Okutsu depth rp, re, and let tp, to be OM representations of F, G. Take 4)\f — 
1 — , by convention. The index of coincidence of F and G is the maximal index 
< j < mm{rp + l,rG + l}, such that cjj^j'' « ■ denote this index by i[F, G). 

The following properties of i{F,G) are easy to check: 

• i{F,G) does not depend on the chosen OM representations tj;-, tc- 

• i{F,G) depends only on the classes of F and G modulo «. 

• F TuG \i and only if i{F, G) = rp + 1 = re + 1. 

The next result is easily deduced from |GMN12l Prop. 3.5,(5)]. 

Proposition 3.5. Let F,G € 0[x] be monic irreducible separable polynomials, and 
let 6 G fc'^^P be a root of F. Let t be a type of order i > 1 over O, such that t | F 
and TrunCj_i(t) | G. Let \{G) be the slope of (the one-sided polygon) Ni{G).Then, 

v{G{e))/degG> {V, + min{|A,|, |A(G)|})/(m,eo • ■ • e,_i), 

and equality holds if and only ift\G. 

Lemma 3.6. Let F,G G 0[x] be monic irreducible separable polynomials, and let 
6 G fc'^^P be a root of F. Let t be a strongly optimal type of order i over O, such 
that t I _F. Then, the following conditions are equivalent 

(a) t I G. 

(b) i{F,G) > i. 

(c) viGie))/degG> y,+i/(m,+ieo • ■ - e,) = v{Me))/m,. 
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Proof. By |GMN12|[GMNllj . the type t may be extended to an OM representation 
tF of F. If t I G, it may be extended to an OM representation to of G too; 
thus, <p\'^i ~ because they are both a representative of t. Thus, (a) imphes 

(b). Conversely, let tc be an arbitrary OM representation of G, and suppose 
(f'i+i ~ 4>i+i- This implies that ipi+i is a representative of t; thus, the types t 
and TrunCi(tG) are equivalent. By the last item of Definition II .li < ordtQ(G) < 
ordTrunci(tG)(^) = ordt(G). Therefore, (a) and (b) are equivalent. 

Let us now show that (a) and (c) are equivalent. If ijjo \ G, then v{G{9)) — 
and t f G; thus (a) and (c) are both false in this case. Suppose Vo I G, and let 
l<j<i + lhe maximal such that TrunCj_i(t) | G. Let Ai+i be the slope of 
Ni+i{F). The Newton polygon N~{G) with respect to t has a positive length by 
Lemma [TT51 let A(G) € Q<o be its slope. By Proposition 13. 5[ 

t;(G(0))/degG>(y,+min{|A,|,|A(G)|})/K-eo---e,_i), 

and equality holds if j < i, because TrunCj(t) \ G. If t | G, then j = i + 1, and 
v(G{9))/ degG > Vi+i/{mi+ieo ■ ■ ■ e^). If 1 1 G, then j < i, and 

degG ~TOjeo---ej_i nrij ~ rm rrii+iea ■ ■ ■ ei' 
by Lemma [T3] and the properties (H]) of the Okutsu polynomials. □ 

Lemma 3.7. Let P,Q E 0[x] be monic irreducible separable polynomials such that 
P ~ Q. Let t = {ipQ] Ai, 'i/'i); • • • (0^, A^, ipr)) be a strongly optimal type admit- 
ting P as a representative. Then, there exist unique data {Xq,iPq) (or (— oo, — ), 
if P = Q), such that tg := {^o; Ai, V'l); • • • ((/)r, A^, V'r); (P, Xq , ipq)) , is an OM 
representation ofQ. 

Proof. Since Q is also a representative of t, we have ordt(Q) — 1, and the Newton 
polygon N~_^_-^^{Q) with respect to t and P has length one by Lemma 11.51 Let 
Aq S ZU{— cxd} be the slope of this polygon. If Ag ^ — oo (i.e. P ^ Q), the residual 
polynomial R\Q^r+i{Q) has degree one; let tpQ be the monic polynomial obtained 
by dividing this polynomial by its leading coefficient. By construction, tg \ Q. By 
the last item of Definition 11.11 ordtQ((3) < ordt{Q) — 1; thus, ordtQ(Q) = 1, so 
that tg is an OM representation of Q. Also, once we choose P as a representative 
of t, the condition tg | Q uniquely determines these data {Xq,iPq). □ 

The computation of an Okutsu factorization F ^ Pi ■ ■ ■ Pg oi a monic separable 
polynomial F is equivalent to the computation of a family tp-^, . . . ,tp^ of OM 
representations of the irreducible factors of F. In fact, from the Okutsu factors 
Pi, . . . ,Pg and strongly optimal types ti, . . . , tg such that each admits Ps as a 
representative, we may construct the OM representations of i^i, . . . , -Fg, as shown in 
Lemma [377l Conversely, from the family tp-^, . . . ,tp^ we may take Ps ~ -^s , 

as Okutsu factors, where rs is the Okutsu depth of Fg. 

We now describe the property of being an OM factorization in terms of the family 
tp-^, . . . ,tp^ of OM representations. 

Proposition 3.8. Let F G 0[x] be a monic separable polynomial and Fi, . . . , Fg G 
0[x] its monic irreducible factors, with Okutsu depth ri,...,rg, respectively. Let 
tp-^, . . . ,tp^ be a family of OM representations of the factors, and let Ps := </>*^+i- 
Let I be the set of ordered pairs (s, t) of indices such that i{Fs,Ft) — rg + l, and for 
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each {s,t) £ /, let Xs.t be the slope of Nr^+iXp^iPt)- Then, the Okutsu factorization 
F K, Pi ■ ■ ■ Pg is an OM factorization of F if and only if 

(12) |A,,,| > |A,,t|, V(s,t) e/, s^t. 

Proof. Denote ts :— Trunc^^ (t^?^), and choose a root 6s G of F^, for each 
^ ^ s < g. Let {s,t) be an ordered pair of indices, 1 < s,t < g. Suppose 
i{Fs,Ft) — rs + 1. Then, Lemma [3^ shows that ts | Ft, and 

viPsiet)) = {K% + \Xs,t\)/eiFs), 

by Lemma [T3] Suppose now i := i{Fs,Ft) < r^. Since i{Ps,Ft) = i{Fs,Ft) = i, 
Lemma [531 shows that TrunCi(ti?j) \ Pg- By Proposition 13. 5[ 



m. 



T/. + min{|AM,|AM} ^ m*;+i + |A* 



ts ts t 

4+1 



the last inequahty by the exphcit formulas of Vj in section [TJ Hence, the condition 
pT|) is equivalent to (HH). □ 

Definition 3.9. Lef F e Oi^;] &e a monic separable polynomial and Fi, . . . ,Fg G 

0[x] the monic irreducible factors of F. We say that a family tp-^, . . . ,tp^ of OM 
representations of the factors faithfully represents F if any of the two following 
equivalent conditions is satisfied: 

(a) tFst^t, yi<sj^t<g. 

(b) ordt^^(F) = 1, VI < s <g. 

By construction, ordtj^ (Fs) — 1; hence, the conditions (a) and (b) are equivalent 
because ordt^^ (F) = Y.i<t<g o^dtp^ {Ft). 



Corollary 3.10. With the notation in Proposition \3.8l if F x Pi ■ ■ ■ Pg is an OM 

factorization, then the family tp-^, . . . ,tp^ faithfully represents F. 

Proof. If ti?^ I Ft, then Ft is a polynomial of type tp_^ fLemma l2.6p and this implies 
As,* = \s,s (Definition [231). ^ 

Finally, we show that any family of OM representations that faithfully represents 
a polynomial F, leads immediately to an OM factorization of F. 

Lemma 3.11. Let F Cz 0[x] be a monic separable polynomial and tp-^, . . . ,tp^ a 
family of OM representations of the irreducible factors of F, that faithfully repre- 
sents F. Then, if we take arbitrary representatives Qi, . . . , Qg of these types, we 
get an OM factorization, F w Qi • • • Qg, of F. 

Proof. We keep the notation from Proposition l3.8l Consider an index I < s < g. All 
data ej, fj, hj, Vj we are going to use correspond to the type t^^ . Since ordt^^ (Fg) = 
1, the Newton polygon iV~_,_2 (Fs) has length one and slope —hg G Z<o U {— oo}. 
By IGMN121 Thm. 3.1], 

v{QM)) = iVra+2 + hs)/e{Fs) = {Vr,+i + |As,s| + /^.)/e(Fs), 

the last equality by the recurrence — e^^+i/rs+i (crs+iK-s+i + ^rs+i), hi 

section[TJ having in mind that e^^+i = /r.,+1 = 1 and hj-^+i = \Xs,s\- 
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For all t ^ s, we have t^^ \ Ft. If | Ft, then Proposition 13.51 shows that 

viQ,i0t)) = iVr^+i+iTim{\Xs^,l\Xsj\})/e{Fs) < v{QM))- 

If t, t Ft, then i := i{Fs,Ft) = t{Q„ Ft) < r,, and Trunc,(tFj j Qs, by LemmaEH 
Thus, w(Qs(6't)) < Vr^+i/e{Fs) < v{Qs{9s)), as in the proof of Proposition □ 

Let us see an example. Take a, 6 e O such that v(ab) — and consider 

Fi = a; + TT + TT^ + TT^'a, F2 = x + tt + ir^ + n'^b, F ^ F1F2. 

The Okutsu factorizations, F w « x{x + tt), are not OM factorizations of F, 
because they lead both to tj;-^ — {y;{x,—l,y+l)) \ F2. 

The Okutsu factorization _F sa (x + tt)^ leads to a family of OM representations 
that faithfully represents F, because these Okutsu factors are sufficiently close to 
the true factors to distinguish them: 

tp, = iy;{x + n,-2,y + l))]F2, tp, = (y; {x + n, -S,y + 1)) \ Fi. 

Let us choose as representatives of the above types t^^^, tp^, the polynomials Qi ~ 
x + TT + TT^, Q2 = X + TT + TT^. By Lcmma rS.lll F « Q1Q2 is an OM factorization. 
The new OM representations of Fi, F2 determined by Qi, Q2 are: 

tp, ^ {y; {x + TT + TT^ , -4, y + a)), tp^ ^ {y; {x + n + , -4, y + b)) . 

The Montes algorithm computes a family t^^^ , . . . ,tp of OM representations 
faithfully representing F, and derives from it an OM factorization F w Pi ■ ■ ■ Pg, 
as indicated in Lemma [3.111 (cf. section 0]). This is the starting point for the fast 
computation of an approximate factorization of F with a prescribed precision, by 
means of the single-factor algorithm [GNP12 . 

3.2. Polynomials having the same OM factorizations. The aim of this sec- 
tion is to prove Theorem I3.14[ where we find the least precision v such that two 
polynomials congruent modulo m" have the same OM factorizations. To this end, 
we need a result similar in spirit to Lemma 12.81 

Lemma 3.12. Let t be a strongly optimal type of order i I > 0, and (f> G 0[x] a 
representative oft. Let F e 0[x\ be a monic polynomial such that £{N.j^ (F)) > 1. 
Let Smax be the first side (from left to right) of N~ (F) and let A^ax be its slope. 
Let u > u' be the ordinates of the end points o/S'max- ^/^(•S'max) = 1, let Sncxt be 
the second side of Nf{F) and let Xncxt be its slope. Then, 

(5(F) > I"' «/^('S'max) > 1, 

~ + |A„cxt|, i/^(S'max) = 1- 

Proof. Let F = Fi • ■ • Fg be the factorization of F into a product of monic irre- 
ducible polynomials in 0[x]. For all 1 < j < z, 1 < s < g, denote: 

tj-i := TrunCj_i(t), 

£j,s := £{N~{Fs)) = ordt^_j (F^), the abscissa of the right end point of Nj'^Fs), 
Uj^s the ordinate of the left end point of Nj'lFs), 

By [GMN121 Lem. 2.17], the right end point of ^^^^(Fs) is {ej,s,VjiF,)). Iftj_i | F^, 
then Lemma 12.61 shows that degF^ = rujij^s- In particular, Vj(Fs) — ij,sVj and 
Uj^s — £j,s{Vj + \Xj.s\), where Xj^s is the slope of N~{Fs). If tj_i ] Fg, then ij^s — 
and Uj^s = Vj{Fs). 
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By the theorem of the product u ~ + ■ ■ ■ + Ui^g, and there exists an 
hreducible factor Fgg such that N^{Fsg) is one-sided of slope Amax- Since Fgg is a 
polynomial of type t, Lemma 12.61 shows that deg-F^j, = rrijlj^sg, for all 1 < j < i. 

Claim. For all s ^ sq, we have v(Res{Fs, Fgg)) > Ui^s- 

In fact, suppose first that t\Fs. Let < j < i be the first level such that tj \ Fg. 
For all j < k < i, the Newton polygon Nj^{Fs) is the single point {0,Vk{Fs)). By 
the definition of the MacLane valuations, Ui^s = Vi{Fs) — e^-i • • • ej+iWj+i (F^). If 
j = 0, then vi{Fs) = and we deduce that Ui^s =0. If < j < i, then tj_i | F^, 
and Vj+i{Fs) — ej{vj{Fs) + ^j^^ min{|Aj_s|, |Aj|}), by the definition of Wj+i. Hence, 

Ui^s = ei_i • • • ejij^s {Vj + min{|Aj,s|, |Aj|}) < e^-i • --ejij^s (V,- + \Xj,s\) ■ 

On the other hand. Lemma l2 . 71 applied to the type tj_i shows that 

v(Res{Fs,Fsg)) > /o • ■ • fj-ilj,s(-],sg [Vj + min{|Aj^s|, |Amax|}) 

- -/..^..o^^:^:^ = deg(F.j^,,^i±^ 

> mi£j,s ^^ ^^■^'^ > a^i ■ ■ ■ ejlj^s (Vj + \Xj,s\) > Ui,s- 
eo • • • Cj-i 

If t I Fg, we have directly Ui^s = + IK.sl) < i'(R-es(Fs, F^^)), by Lemma 

12.71 applied to the type t. This ends the proof of the Claim. 

From now on, we denote ps^t ■= v{Kes{Fs, Ft)). We are ready to deduce the 
lemma from the Claim and the equality: 

^(^) = Ei< < '^(^^) + Ei< /^M- 

— ^1^^5:5 — ^S^i^Sg 

Suppose first that there is at least one F^^ ^ Fgg , such that t | Fg^ and Xi^si — Amax- 
In this case, the Claim shows by symmetry that Psi.so ^ ''^i,soi hence, 

^S^Sg.Si ' ~ ^-'l<5<g 

Suppose now that for all F, ^ F^g, such that t | F,, we have A^.s ^ Amax- In 
this case, i^.sg = ■^(S'max) and u ^ u' + £i,so l^maxl- If £i.,so > 1, we have degF^^ = 
^i(-i,sg > 2r7ii, so that the Okutsu depth of F^g is greater than or equal to i. 
Lemma [221 shows that 2S{Fsg)/ degFgg > Uj,so/(eo • • 'ei-i), and we deduce that 
S{Fsg) > miUi^sg/{eo ■ ■ ■ e^-i) > u.^^sg- Hence, 

SiF)>SiFsg)+J2 ^ Ps,Sg>T^U,^,^U. 

^ ^S^Sg ^ — ^l<s<g 

Finally, suppose that ii,sg = ^(S'max) = 1- In this case, ordt(FsQ) — li^gg — 1, 
v%{Fsg) = ti,sgVi = Vi, and Ui^^g = Vi + |A,nax|. Since 1{N~{F)) > 1, this polygon 
has at least a second side S'ncxt of slope Ancxt ■ Let / be the set of all indices \ <t < g 
such that N~{Ft) has slope Ancxt- By the Claim, for all t E I, we have 

2pt,sg > 2u^,t = li,t{Vi + I Ancxt I) + Ui,t > Vi{Fsg) + I Ancxt I + Wi,t, 

so that 

<^(F)>2V ,Ps,so >f»(F,„) + |Ancxt|+^ ^ U^,s 

= |Ancxt| + ^ l^maxl = |Ancxt| + U . 

□ 



S{F)>2ps,,sg+'^ „ Ps,So > > 
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Figure 3. Newton polygon (F) in the context of Lemma 13. 121 




1 I t 



Remark 3.13. In Lemma [3.121 if 4> divides F, then we understand that ^max is 
a side of slope Amax = --oo, and u — oo |GMN12[ Sec. 1.1]. The statement of the 
lemma and all arguments in the proof remain vaid in this case. 

It is easy to construct examples showing that the inequalities of Lemma 13.121 
are sharp. For instance, F{x) = + n'^ has u = S = v (if i;(2) = 0); while 
F{x) = (a: + 7r'^)(a; + tt) has v! = |A„oxt| = 1 and (5 = 2, if > 1. 

Theorem 3.14. Let F,G lE 0[x] be monic separable polynomials such that F = 
G (mod m-'^^^+i). Then, F k G and any OM factorization F ^ Pi ■ ■ ■ Pg of F is 
also an OM factorization G ~ Pi ■ ■ ■ Pg of G. 

Proof. Let Fi, . . . ,Fghe the monic irreducible factors of F, ordered so that Fg « P?, 
for all 1 < s < (?. Our aim is to attach to every Pg an irreducible factor Gs of G, 
such that Gs ~ Ps and either pTjl or IT^ are satisfied for the pair P^, G. 
Let us fix an index 1 < s < g. Let r be the Okutsu depth of Pg and let 

i'F, = (■0o;(01,Al,V'l);--- ■,{(t)r,Xr,A);{PsAF,,1pF,)) , 

be the OM representation of Fs determined by Pg, satisfying tp_^ \ Ft for all t s. 
We admit exact OM representations in which Xp^ = —oo and ijjp^ is not defined. 

Consider the strongly optimal type t := Trunc^ (tj?^ ) . Since Fg ^ Pg, the poly- 
nomial Fg is a representative oft too; thus, ordt(Fs) = 1. The proof of the theorem 
requires different arguments according to ordt (F) = 1 or ordt (F) > 1 . 

Case ordt (F) — 1- Since 1 = ordt(F) = X]i<t<g o'"'it(-Ft), we have ordt(Ft) = 0, 
for aU t^ s. By Definition [113 Ft ^ Fg Ri Pg,lor all t ^ s. 

For monic polynomials P,Q€ 0[x] of Okutsu depth zero we have P « Q if 
and only if P = Q. Thus, if r = 0, then Pg = Fg = ipo is coprime to Ft, for 
all t s. By hypothesis, G — F — Fi ■ ■ ■ Fg-, thus, by Hensel's lemma, G has a 
unique irreducible factor (say) Gg, such that Gg = V'o is coprime to G/Gg. Hence, 
Pg f« Gg, v{Pg{eg)) > and v{Pg\e)) = 0, for any choice of roots eg,e € k^^^ of Gg 
and G/Gg, respectively. Thus, (fTTj) is satisfied for the pair Pg,G. 

If r > 0, we may consider t^-i TrunCr-i(t). By the last item of Definition ll.ll 
ordt_i(P) > ordt_i(P.) > erfr0^dt{Fg) > 1. Since t | Fg, the polygon N-{Fg) 
is one-sided of slope Xr and it has length ordt,_i {Fg) > 1, by Lemma [T31 By ([6|), 
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N~{F) has a side S of slope Xr and length £{S) > 1, where £{S) is the length of 
the projection of S to the horizontal axis. 

We now apply Lemma [3. 121 to the pair tr_i, F. If ^(S'niax) = 1, then S ^ S'max, 
because £{S) > 1. In any case, Lemma [3.121 shows that S{F) + 1 is greater than 
the ordinate of the point of the vertical axis lying on the line determined by S. By 
Lemma [231 the Newton polygon N~{G) has a side of slope and Rr{G) = Rr{F); 
thus, ordt(G') := ord^,. = ord^^ Rr{F) =: ordt(-F) — 1. Hence, there is a 

unique irreducible factor (say) Gg of G, such that ordt(Gs) = 1, and ordt(Go) = 0, 
for any other irreducible factor Go of G. By Lemma [^751 deg Gg — "T-r^+i ordt(Gs) — 
m^^+i; thus, Gs is a representative of t, and Gs ~ Ps- Finally, the set / in 
Proposition 13.81 contains only the pair (s,s), so that ([T2|) is trivially satisfied. 

Case ordt (F) > 1. Since Fg w Ps is a representative oft, we have ordt(Fs) = 1, so 
that Nr+i{Fs) has length one and slope Xg^g, in the notation from Proposition l3.8l 
Since F « Pi • • • is an OM factorization, ([T^ holds; this implies that N^T^^iF) 
indeed has a side iSmax of slope Amax — Xg^g and end points (0,w) and (l,u'), by 
the theorem of the product ([6]). 

We now apply Lemma [3.12l to the pair t, F. Arguing as before, A^^^ (G) coincides 
with A,^j^(P), except for, eventually, the ordinate u of the point of abscissa zero 
(see Figure [3]). Thus, N~_^^{G) has also a first side S'max(G) of length one and 
slope As,s(G), with |As,s(G)| > \Xg,t\, for all t such that t \ Ft. The equality of 
the Newton polygons (up to the first side) and the theorem of the product, show 
that all irreducible factors Go ^ Gg of G, which are divisible by t, have AV+i(Go) 
one-sided of slope As.t for some t ^ s. Hence, is satisfied for Pg,G as well. □ 

4. The factorization algorithm of Ore, MacLane and Montes 

Let us go back to the global setting of the Introduction. Let ^ be a Dedekind 
domain whose field of fractions K is a global field. Let L/K be a finite separable 
extension and B the integral closure of A in L. Let 6* G i be a primitive element 
of L/K, with minimal polynomial F{x) e A[x]. 

Let p be a non-zero prime ideal of A, v :— Vp the canonical p-adic valuation, Kp 
the completion of if at p, and Op the valuation ring of Kp. We denote by F = A/p 
the residue field of p. We fix a local generator tt of p; that is, an element tt £ A, 
whose image in the local ring Ap generates the maximal ideal. If A is a principal 
domain, we assume moreover that p — ttA. 

The Montes algorithm was developed by J. Montes in his PhD thesis, inspired 
by the ideas of 0. Ore and S. MacLane. It is fully described in [GMNllj . in terms 
of the theoretical background developed in |GMN12j . For a short review the reader 
may check the survey |Narllj . 

The algorithm is based on four routines: Factorization, Newton, ResidualPo- 
lynomial and Representative. Let us briefiy review them. 

Routine Factorization ( (p) 

INPUT: 

— A finite field T. 

— A monic polynomial ip{y) £ J^[y]. 

OUTPUT: 

— The factorization of ip{y) into a product of irreducible polynomials of 
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Figure 4. A-component of a polygon. L\ is the line of slope A 
having first contact with the polygon from below. 




Routine Newton (t, w, (7) 

INPUT: 

— A type t over A, of order i — 1 > 0, and a representative G A\x] of t. 

— A non- negative integer ui. 

— A non-zero polynomial g{x) £ i4r[a;]. 

Compute the first w + 1 coefficients oq (x) , . . . , (x) of the canonical 0-expansion 
of g{x) and the Newton polygon N of the set of points (s, Vi{as(t)^)), for < s < oj. 

OUTPUT: 

— Ni{g) := N is the i-th order Newton polygon of g with respect to the pair (t, (p). 

Definition 4.1. Let A £ Q<o and N a Newton polygon. We define the A-compo- 
nent of N to be Sx{N) :~ {{x,y) £ N \ y ~ Xx is minimal}. If N has a side S of 
slope X, then S\{N) — S; otherwise, Sx{N) is a vertex of N (see Figure^. 

Routine ResidualPolynomial(t, A, g) 
INPUT 

— A type t over A, of order i — 1 > 0, and a representative e A[x] of t. 

— A slope A = —h/e S Q<o, with h, e positive coprime integers. 

— A non-zero polynomial g{x) £ -fir[x]. 

Let g{x) — '^Q<^g as{x)(l){x)^ be the canonical (jy-adic expansion of g{x). Let S be 
the A-component of Ni{g), and let sq be the abscissa of the left end point of S. Let 
d := d{S) be the degree of S, so that sq + de is the rigth end point of 5*. The points 
of integer coordinates lying on S have abscissa sj := sq + je, < j < d. 
Compute, for each abscissa Sj, the residual coefficient Cj G defined as: 

{0, if (sj,Wi(asj(/>*0 liss above S", 

2*ri'^'*'''^i-i(asj)(-2i-i): if (sj , i'i(asj lies on S, 

where toisj) := 0, ii-i(sj) is described in |GMN121 Def. 2.19] for i > 1, and 

-Zi-i e ¥i is the image of y through the isomorphism ~ ¥i^i[y]/{'ipi^i{y)). 

OUTPUT: 

— The residual polynomial R\^i{g){y) :— cq + ciy + • ■ • + Cdy"^ G ^ily], with respect 
to the triple (t, ip, A). 

The routine Construct carries out the procedure described in |GMN12| Prop. 
2.10]. It will only be used to construct representatives of the types. 



Routine Construct (t, X, if, V) 
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Figure 5. Routine Construct. 
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INPUT: 

— A type t over A, of order i — 1 > 0, and a representative £ A\x\ of t. 

— A slope A = —h/e £ Q<o, with h, e positive coprime integers. 

— A polynomial (p{y) G Fi[y], of degree d. 

— A positive integer V > ed{eVi + h). 

Let (s,m) be minimal non-negative integers such that V — ue + sh. Our aim is to 
construct a polynomial g{x) G A[x], whose i-th order Newton polygon with respect 
to (t,(/)) is contained in the segment of slope A, degree d and left end point (s,m) 
(see Figure [5]), and having moreover a prescribed residual polynomial. 

Let ip{y) =00 + aiy + • ■ • + ady"^ G ^i[y]- If « = 1, the coefficients aj G Fi = 
¥[y]/{^po{y}) can be expressed as polynomials in zq of degree less than /o, with 
coefficients in F. If we denote by aj{x) their arbitrary liftings to A[x], we take: 

gix) = ^{xY (ao(a;)^" + ai(a;)^"- + ■ • ■ + ad{x)Tr''-'"'(t,{xf') . 

If i > 1, the polynomial we are looking for is: 

gix) = q^{xy {go{x) + gi(a;)0(a;)^ + • • • + gdix)q^ix)'^') , 

where gj{x) G A[x] are the output of Construct (TrunCi_i (t) , Xi-i , ifj , Wj) , for 
adequate polynomials ipj{y) G Fi_i[y] with degipj < fi-i, and integers Wj > Vi. 

OUTPUT: 

— A polynomial g{x) G A[x\ such that = V and y°^'^^^'^^ Rx,i{g)iy) = ^{y)- 
Routine Representative (t) 

INPUT: 

— A type t over A, of order i>l. 

Express "ijjily) — y^^ +ip{y) G Fi[2/], for some polynomial f{y) of degree less than fi. 
Let g{x) be the output of Construct (t, Ai, CLp , V^^+i), for an adequate constant 
c G F, (cf. the proof of |GMN12[ Thm. 2.11]). 

OUTPUT: 

— A representative oft, constructed as: 0(a;) — (f>i{xy'f' + g{x). 

We now describe the Montes algorithm in pseudocode. Our design is slightly 
different from the original one. The output OM representations are optimal and 
complete types of order r + l, as described in ([5]), where r is the Okutsu depth of the 
corresponding p-adic irreducible factor. In the original version, types of order r + 2 
were used in some ocasions (cf. [GMNlOi Thm. 4.2]). The changes we introduce 
do not affect the complexity. The order of a type t is the largest level i for which 
all three fundamental invariants {4>i,Xi,i^i) are assigned. 
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MONTES' ALGORITHM 

INPUT: 

— A monic separable polynomial F{x) £ A\x\. 

— A non-zero prime ideal p of A. 

1 Initialize an empty list DMReps. 

2 Factorization(F,F). 

3 FOR each monic irreducible factor of F DO 



4 Take a monic lift, 4){x) £ A[x\, of ip and create a type t of order zero with 
V'o ^ V, ^\-^ ord^ F, (j). 

5 Initialize an empty list Leaves, and the list Stack = [t] . 
WHILE #Stack > DO 

6 Extract (and delete) the last type tg from Stack. Let i — 1 be its order. 

7 Newton (to, w*" Let N be the Newton polygon. 

8 FOR every side of iV DO 

9 Set A*" ^ slope of S. IF A-° = -oo, THEN add t (to; ((/-■" , -oo, -)) 
to Leaves and continue to the next side S. 

10 ResidualPolynomiaKto.A*" ,F). 

11 Factorization(Fi,i?i(F)). 

12 FOR every monic irreducible factor of Ri{F) DO 

13 Set t to, and extend t to an order i type by setting <— ■0. 

14 IF cj*" = 1, THEN add t to Leaves and go to 6. 

15 Set oj\j^i <~ ord^, Ri{F), and call Representative (t) to fill 

16 IF deg 4't+i = deg THEN set 0* ^ , ^ , and 
delete all data in the {i + l)-th level of t. 

17 Add t to Stack. 
END WHILE 

18 Add all elements of Leaves to the list DMReps. 



OUTPUT: 

— An OM factorization of F over Op [x] , and the corresponding family tp^, ■ ■ ■ jtp 
of OM representations of the irreducible factors of F. The Okutsu factors are the 
0-polynomials at the last level of these types. 

When the WHILE loop (corresponding to some irreducible factor (p of F) ends, 
the list Leaves contains a tree of i^-complete optimal types in 1-1 correspondence 
with all irreducible factors of F{x) over C'p[a;], which are congruent to a power of 
if modulo p. The nodes of this tree (except for the root node) are labelled with a 
triple of fundamental invariants {(pijXi^ipi). Each leaf of the tree determines the 
type obtained by gathering the invariants of all nodes in the unique path joining 
the leaf to the root node. See Figure El 

Step 16 takes care of the optimization. The list Stack stores only strongly 
optimal types. If the enlarged type t of order i of step 13 has still this property, 
then it is sent to Stack. Otherwise, we send again to Stack the {i — l)-th order 
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Figure 6. Connected tree of OM representations of the irre- 
ducible factors of F whose reduction modulo p is a power of ipQ. 
The leaves are represented by A. 




type to, but equipped with a different (and better) representative; this is called a 
refinement step [GMNlll Sec. 3.2]. 

When the algorithm ends, the list OMReps contains a forest (disjoint union of 
trees) of optimal i^-complete types. Nevertheless, the list OMReps is only a sequence 
of the leaves of all these trees, and the tree structure is not preserved. 

The Montes algorithm as an irreducibility test. For any level i, the existence 
of two sides of different slope in N^{F), or two coprime factors of Ri{F) in ¥i[y], 
implies that F{x) is not irreducible (GMN12[ Thms. 3.1,3.7]. On the other hand, 
if no factorization has been detected in lower levels, the Newton polygon Nf{F) is 
one-sided and the corresponding residual polynomial Ri (F) is irreducible in Fi [y] , 
then F{x) is irreducible jGMN121 Cor. 3.8]. 

Therefore, we can use the following version of the Montes algorithm as an irre- 
ducibility test for polynomials over Op [x] . 

IRREDUCIBILITY TEST 

INPUT: 

— A monic separable polynomial F{x) G A[x]. 

— A non-zero prime ideal p of A. 

1 Factorization (F, F) . IF there are at least two irreducible factors THEN 
return false. 

2 Consider a monic lift, (j>{x) £ A[x], of the unique irreducible factor ip oi F and 
create a type t of order zero with: ipQ <^ ip, cj* ^ ord,^ F, ^ </>. 

3 Initialize the list Stack=[t]. 
WHILE #Stack > DO 

4 Extract (and delete) the last type to from Stack. Let i — 1 he its order. 

5 iV=Newton(to,a;*° IF N has at least two sides THEN return false. 

6 Set ^ slope of the unique side of N. IF A-" = -oo, THEN return true. 

7 ResidualPolynomiaKto.A*" 

8 Factorization(Fi,f?i(_F)). IF there are at least two irreducible factors 
THEN return false, ELSE let ip be the unique irreducible factor of Ri{F). 

9 Set t ^ to, and extend t to an order i type by setting ipj ■(^ ip. 

10 IF ord^ Ri{F) = 1, THEN return true. 

11 Set ^ ord^ Ri{F), and call Representative (t) to fill (ji^^i- 

12 IF deg = deg^l THEN set ^ ^ a;*+i, and delete all data 
in the (i + l)-th level of t. 
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13 Add t to Stack. 
END WHILE 

OUTPUT: 

true if F{x) is irreducible over Op [2^] and false otherwise. 

5. Complexity analysis of the Montes algorithm 

All tasks we are interested in may be performed modulo p"^, for a sufficiently 
high precision v. Thus, we may assume that the elements of A are finite 7r-adic 
developments. In particular, the computation of the p-adic valuation v — Vp has a 
negligible cost. 

Definition 5.1. An operation of A is called p-small if it involves two elements 
belonging to a fixed system of representatives of A/p. 

Working at precision i', each multiplication in A costs 0{i'^~^'^) p-small operations 
if we assume the fast multiplications techniques of Schonhage-Strassen |SS71| . 

Let q := #F. We assume that a p-small operation is equivalent to O (log(q)^+'^) 
word operations, the cost of an operation in the residue field F — A/p. This is the 
case in most of the Dedekind rings that naturally arise in practice. 

5.1. Complexity of the basic subroutines. 

Lemma 5.2. [vzGGOSl Cor. 14.30] Let J- be a finite field with qjr elements, and 
g{x) G J'[x] a polynomial of degree d. The cost of the routine FactorizationCJ^, g) 
is O (d^^*^ -|- d^'^'^ log((j'jr)) operations in T . 

The following observation is easy to prove by an inductive argument. 

Lemma 5.3. Let mi, . . . ,mi be positive integers such that mi \ ■■■ \ mi and 
mi < ■ ■ ■ < mi. Then, mi + ■ ■ ■ + mi < 2mi. 

Lemma 5.4. [PaulOj Lem. 18] Let t be a strongly optimal type of order i — 1 > 1. 
Let a{x) £ 0[x] be a polynomial of degree less than mi. The computation of the 

multiadic expansion of a{x), 

(13) a{x) = ^ a-j{x)4>i{xy^ ■ ■ ■ 4>i-i{xy''-^ , degaj<mi, 

j = (jl,--- Ji-l) 

where < jk < Gkfk; for all 1 < k <i, has a cost of 0{{mi)^^'^) operations in A. 

Actually, in |PaulO| it was proved an estimation of 0{m^) operations in A, 
assuming ordinary arithmetic. If we assume fast multiplication, the cost of the 
computation of the (/>i_i-expansion of a{x) may be estimated in 0{{mi)^~^'^) oper- 
ations in A |vzGG03| Thm. 9.15]. By using this estimation, the proof of |PaulO[ 
Lem. 18] leads to Lemma [5.41 

Lemma 5.5. Let t be a strongly optimal type of order i — 1 > 0, with representative 
4>{x). Let u be a positive integer and g{x) G A[x\ a polynomial of degree d > uimi. 
Then, the cost of the routine Newton (t,w,(7) is 0{u]d^'^'^) operations in A. 

Proof. The computation of the first w + 1 coefficients of the ^-development of g{x) 
requires w + 1 divisions with remainder: 

g^4>-qi+ao, qi ^ (j) ■ q2 + ai, ■•■ , g^j = • g^+i + a^- 
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The number of operations in A that are necessary to carry out each one of this 
divisions is 0{d^^'^) |vzGG03l Thni. 9.6]. Thus, the lemma states that the cost of 
this initial step dominates the whole routine. 

The next step is the computation of Vi{ak), for < fc < w. Denote by a{x) — 
ak{x) any one of these w + 1 coefficients, and consider the multiadic development 
(|T5|) of a{x). By jGMN12b| Lem. 4.2], we have 

(14) Vi{a{x)) = min {vi{aj) + jiVi{(f>i) ^ h 

j=(ji.--- j'i-i) 

By |GMN12l Prop. 2.15], we may use closed formulas for the values Vi{(j)j) in terms 
of the Okutsu invariants, and since degaj < mi, |GMN12l Prop. 2.7] shows that: 

Vi{aj) = eo • • • ei^i min{up(c) | c coefficient of aj(x)}. 

Thus, the cost of computing Vi{ak) is dominated by the cost of the computation 
of the multiadic development of Ofc . By Lemma 15. 4[ the total cost of this step is 
(w + 1)0 ((mi)^+'^) operations in A. This cost is clearly dominated by the cost of 
the first divisions with remainder. 

Finally, the computation of the Newton polygon has a cost of 0((a; + 1)^) mul- 
tiplications of integers. If we work at precision z/, (|14p shows that eo • • • Ri-iv is 
an upper bound of Vi{ak)] hence, each multiplication of integers of this size re- 
quires 0{\og{mivY^'^) word operations. Since uj < d/rrii, the complexity of this 
task is also dominated by that of the first divisions with remainder, obtained by 
multiplying by {i' \og{q))^^'^ the cost in number of operations in A. □ 

Lemma 5.6. Let t be a strongly optimal type of order i — 1 > 0, with representative 
(j){x), and take A £ Q<o, 9{x) G A[x\. Let S he the X-component of Ni{g), and let 
d = d{S) be the degree of S . Then, the cost o/ ResidualPolynomial(t, A,^) is 
O {d{fo ■ ■ • fi-i){^iY^'^ logC?)) p-small operations. 

Proof. Let e be the least positive denominator of A. Let sq be the abscissa of the 
left end point of S, and take Sj := sq + je, for < j < d. We assume that in 
a previous call to the routine Newton, we computed (and stored) the coefficients 
of the 0-adic expansion of g{x), and their (</)i, . . . , 0i_i)-multiadic expansion. 
Also, along this computation it is easy to store the necessary data to compute the 
exponents ti-i(sj) at zero cost |GMN12|. Def. 2.19]. 

Thus, the computation of the coefficients cq, . . . , Q € of the residual polyno- 
mial i?A,i (<?)(?/), requires two tasks: 

(a) compute R.,^i(as^){y) G ¥.,^i[y], for each < j < d, 

(b) compute Cj :— zl'Si^'^^'' Ri-i{asj){zi-i) E Fi, for each < j < d. 

Denote by Ci{d) the cost of the computation of R\^i{g), measured in number 
of p-small operations. Since degOs^- < = Ci-ifi-imi-i, the Newton polygon 
Ni^i{asj ) has length less than ei_i/i_i; hence, the Ai_i -component of this polygon 
has degree less than Therefore, the cost of task (a) is dominated by Ci_i(/i_i). 

The computation of z'l^^^^'' requires O (log(#Fi)) multiplications in F^. Since 
#Fi = g/o - /'-i , the cost is O ((/o • • • /i_i)^+'' log{q)) tJ-small operations. 

Since degi?i_i(asj) < /j-i, the cost of the computation of Ri-i{asj){zi-i) by 
Horner's rule is 0(/i_i) multiplications in F^; thus, it is dominated by the compu- 
tation of a power of Zi-i. Altogether, we get 

C^{d) < (d+l)(Q_i(/,_i) + (/o---/.-i)'+Mog(g)). 
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From this recurrence, it is easy to derive: 

Q{d) ^{d + i)o (/o • • • \og{q) {f^+' + {hhY+' + • • ■ + (/o ■ • ■ ■ 

Finally, we may use Lemma 15.31 to estimate: /q"*"*^ + ■ • ■ + (/o • ■ • /i-i)^^'^ < 
(too)'+' + --- + K)'+' = 0(mi+^). □ 

Lemma 5.7. Let t he a strongly optimal type of order i — 1 > 0, with representative 
4>{x). Let A = —h/e, where h,e are positive coprime integers. Let ip{y) & Vi[y] be 
a polynomial of degree d, and V > ed{eVi + h) a positive integer. Then, the cost of 
Construct (t, A, is O ((/o • • • /i_ic?)^+'^V^^+') p- small operations. 

Proof. The output polynomial is constructed as: 

gix) = <j>ixr (goix) + giix^xf + ■■■+ 9d{^)<l>ix)''') , 

where < s < e, and the polynomials gj{x) G may be taken as the output of 
an adequate call to Construct at level i — I. In particular, deg^j < m^, for all j. 

We must compute the polynomials (f>{x)'^ , 4>{xY, go(x), . . . , gd{x), and finally 
compute g{x) by Horner's rule. This latter task requires d + I multiplications of 
polynomials. In each multiplication, the two factors have degree (bounded by) 

{mi,emi), ((e + l)mi, em^), ((2e + l)mi, emi), (((d + l)e + 1)™^, errii), 

respectively. The multiplication of two polynomials of degrees m' < m requires 
0{m^~^'^) operations in A. Thus, if we denote m^+i := edm^, the number of opera- 
tions in A required for the final evaluation of g{x) is of the order of: 

iem,y+'{l^+' + 2^+' + ■■■ + d^+') = 0{{em^y+'d^+') = 0(d(m,+i)i+^). 

This estimation clearly dominates the cost of the computation of (j){xy and (pixy. 
Thus, we analyze only the cost of the computation of 170(2;), •.• , gd{x). 

Denote by Ci{d) the total cost of Construct, measured in number of operations 
in A. We have seen that Ci{d) = d (Ci_i(/i_i) + 0((TOi+i)^+'^)). By using Lemma 
15. 3[ this recurrence leads to: 

aid) ^0{d (m,+i)i+^ + d/,_i(m,)^+' + • • • + d/,_i • • • /o(mo)i+^) 

(15) = O {df,-i • • • /o ((m,+i)i+^ + im,Y+' + ■■■ + (mo)i+')) 

= 0(d/,_i---/o(m,+i)i+^). 

Finally, we may work with precision 1/ :— \y/{eo ■ ■ ■ ei_ie)J +1, without changing 
the desired properties for g{x): 

v,+,{g) = v, y°'^y^R^Miy) = v{y), 

where u^+i is the MacLane valuation determined by t, cf) and A. In fact, suppose 
G{x) — g{x) + h{x), for a polynomial h{x) G A[x], all whose coefficients c satisfy 
Vp{c) > y/(eo • • -ej-ie). Then, Vt+i{c) = (eo • • • ei_ie)wp(c) > V, by Lemma [L5J 
so that Vi+i{ h) > Vt+ i{g), and Vi+i{G) = Vi+i{g). Also, we get Rx.i{G){y) = 
RxA9){y) by IGMN121 Prop. 2.8]. 

Therefore, the total cost of Construct, measured in number of p-small opera- 
tions, is obtained by multiplying the estimation of (|15p by i/^^'^. □ 

Corollary 5.8. Lett' = (i/^o; ((/-i, Ai, i/'i); • • • ; Xi-i,ipt-i); {(j), X,ip)) be an 

optimal type of order i > 1, where A — —h/e for some positive coprime integers 
h,e, and y ^ ipiy) S ^i[y] is a monic irreducible polynomial of degree f. Let 
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V := ef{eVi + h). The cost of the computation of a representative (j)' of t' is 
O ((/o • • • /i-i/)^^'^^^") p-small operations. 

Proof. The polynomial 4>'{x) is constructed as (f){xY^ + g{x), where g{x) is the 
output of the routine Construct (t, A, ^(j/) — ,V) . The computation of (f)"^^ by 
repeated squarings costs 0((e/mi)^+'^) operations in A; this cost is dominated by 
the estimation of the cost of the computation of g{x). Thus, the corollary is 
an immediate consequence of Lemma 15.71 □ 

5.2. Complexity of the polynomial irreducibility test. The aim of this sec- 
tion is to prove a new estimation for the complexity of the polynomial irreducibili- 
ty test based on the Montes algorithm. In comparison with previous estimations 
[FVlOl iPaulO) . the total degree in n and 5 is reduced from A + e to 2 + e. 

Theorem 5.9. The cost of the irreducibility test over Op[x\, applied to a monic 
separable polynomial F G A[a;] of degree n is O -|- n^'^'^{l + 6)\og{q) + (5^+'^) 

p-small operations, where S :— i'p(Disc(i^)). 

Corollary 5.10. If we assume p small (i.e. \og{q) — 0{1)), we obtain an estima- 
tion of 0{ri^^'^ -\- S'^^'^) word operations. 

Before proving this theorem, we discuss some features of the flow of the algo- 
rithm. The irreducibility test provides as a by-product an optimal type t of order 
r, represented by a tree with unibranch nodes and a unique leaf: 

V'O • • • • ((j>r, >^r,1pr) t 

{(f>2, A2, V2) 

If ordt(F) = 1, then F was recognized to be irreducible. Otherwise, after even- 
tually several refinement steps, a representative 4>r+i of t was found, such that 
Nr+i{F) had more than one side, or Rr+i{F) had more than one irreducible fac- 
tor; then, F was recognized to be reducible. In this latter case, all irreducible 
factors of F are of type t (Definition [231), ^'^id they have degree a multiple of rur+i, 
by Lemma [2761 In particular, n — fnir+i, for some integer / > 2. 

We may choose a monic irreducible polynomial ip € Fr-)-i[y] of degree / and use 
Representative to construct a representative 4> G A[x] of the type of order r -\- 1: 

t' = (V'O; (01, Ai,V'i); • • • ; {(j>r,Xr,'4'r); ('/'r+i, 

The polynomial (f) is irreducible over Op and it has degree r?ir +2 = /m-r +i = n. 
The irreducibility test applied to performs the same steps at all levels i < r, the 
same refinement steps at level r -I- 1 to find 0r+i, and it will compute Nr+ii^cj)) and 
Rr+i{(j)), to deduce the irreducibility of (j) from the property Rr+i{(j)) ~ i/j. We shall 
see below that the cost of reaching (f>r+i depends only on n and '/>r+i. By Lemmas 
15.51 15. 6[ the cost of the computation of Nr+i{(l)), Rr+i{4>) is not lower than the cost 
of the computation of Nr+i{F), Rr+i{F), respectively. Hence: 

Remark 5.11. For the estimation of the complexity of the irreducibility test, we 
may assume that the input polynomial is irreducible. 

For the estimation of the complexity we need to estimate the cost of advancing 
from the (i — l)-th node of the tree to the «-th node. This step may require several 
iterations of the WHILE loop, because of the refinement steps at the «-th level. 
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Thus, the crucial questions are the evaluation of the cost of each iteration at the 
i-th level and to find an upper bound for the number of these iterations. 

Lemma 5.12. The width of F at the i-th level, \\\iW, is an upper bound for the 
number of iterations of the WHILE loop at the i-th level, that are necessary to reach 
the right values of {4>i,\i,il)i). 

Proof. The first WHILE loop at the i-th level picks the type of order i — \ > 0: 

t = (V'o; ((/>!, Ai^i); • • • ; A^_i,?A^_i)), 

and a representative of degree (a first candidate to be the polynomial 4>i), 
from the Stack. Then, it computes the slope A = —h/e, with h,e positive coprime 
integers, of the one-sided Newton polygon Ni{F) with respect to (t,0), and the 
unique irreducible factor tp e fi[y] of the residual polynomial R\^i{F). Finally, it 
constructs a representative (j>' of the type 



Let / = degV", V = ef{eVi + h). By |GMN12t Thms. 2.11,3.1], deg<j>' = efrm, and 

vim) = iV^ + |A|)/(eo • • • e,„i) < z;(</.'(0)) ^ {V + |A'|)/(eo • • • e,„ie), 

where 6* is a root of F in Kp , v is the canonical extension of Wp to Kp , and A' is the 
slope of the Newton polygon Ni+i{F), computed with respect to (f, </>'). 

The loop is a refinement step if and only if deg (j)' = mi, or equivalently, e — f = 
1. In this case, 0' is also a representative of t, and we proceed to a new iteration of 
the WHILE loop at the i-th level, with the pair (t, cj)') as starting data. Otherwise, 
[GMNllI Thm. 3.1] shows that v{(t>{0)) is maximal among all other representatives 
of t; thus, it may be taken as an Okutsu polynomial of the z-th level. We take 
4>i := 0, Ai := A, tpi := 4> and we proceed to a new iteration of the WHILE loop at 
the (z -I- l)-th level with the pair (t', (j)') as starting data. 

Therefore, the number of iterations of the WHILE loop at the i-th level is 
bounded from above by the number of values of v{4>{6)), where (f) runs on all possible 
representatives oft. This number of values is WXil] by Proposition ll.81 □ 

Proof of Theorem 15.91 By Remark 15.111 we may assume that the input polyno- 
mial F is irreducible over Op [a;]. Let r be the Okutsu depth of F and tp.r = 
(t/iq; (01, Ai, V'l); • • • ; (0r, Ar, '(/'r)) the strongly optimal type of order r computed 
along the flow of the algorithm. 

We shall frequently use an estimation that is an immediate consequence of for- 
mula ([3]) and the inequality So{F) < 2S/n of Lemma [2T2l 



The initial steps compute the pair (t,0), where t = (-00) is the type of order 
zero determined by the unique irreducible factor of F modulo p and is a monic 
lift to A[x] of tpQ. The cost of these operations is dominated by the factorization of 
F modulo p, which costs O -I- 71^+'^ log{q)) p-small operations. 

Each iteration of the WHILE loop calls only once each subroutine Newton, 
ResidualPolynomial, Factorization and Representative. Let R be one of these 
subroutines; by Lemma [5.121 the total cost of the calls to R of all iterations of the 
WHILE loop is: 



t' = (i/'o;(0i,Ai,Vi);--- ; (0J-1, Ai_i,-0»-i); (0, A,?/"))- 



(16) 




(17) 
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where Cj^ j is an upper bound of the cost of any cah to R along the different iterations 
of the WHILE loop at the i-th level. We proceed to estimate Cj^ j and (fT7|) . for 
each subroutine. We keep the notation introduced in the proof of Lemma [5. 121 for 
the data t, 0, A, V'l e, /, h, (p' , V, t', used in any of these iterations. 

R=Newton. By Lemma [5.51 the cost of one call to Newton depends only on rt = 
degF and oj :— £{Ni{F)) = nj deg(/). Since deg(/) = rrii = ei^ifi-irrii^i does not 
depend on the choice of 0, the cost is constant for all the iterations at the i-th level. 
By Lemma ISTSl this cost is O {{n/mi)n^^^^ operations in A. 

By Theorem 12.31 we may work at any precision v > 26 /n, so that we may take 

p-small operations. By (fT6|) . we get: 

l<i<r KKr l<i<r 



R=ResidualPolynoniial . By Lemma l5.61 the cost of one call to ResidualPolyno- 
mial depends only on /q, . . . , fi-i and the degree of the side d{Ni{F)) — uj/e — 
n/{mie). Thus, the cost is constant for all refinement steps (e = 1) and eventually 
lower in the last iteration of WHILE (e/ > 1). By Lemma [5.61 we may take 

(18) Cr,, = O {{n/m,){fo ■ ■ • ^-1)171]+' \og{q)) = O ((n/eo • • • e,.,)n^+' log(q)) 

p-small operations. By p^ . we get: 

E,<.< |A.|CR,<ni+Mog(<z)V JMl^^O{n'+^\og{q)5). 

R=Factorization. By Lemma [5.2[ the cost of one call to Factorization depends 
onlyondegi?A,i(-F) = — uj/e — n/{mie), and it is bounded from above by 

O (^{n/niiY^^ + {n/miy~^'^{fo ■ ■ ■ fi-i) \og{q)) operations in F^. We may estimate 

Cr,. = O {{n/m,f+%h ■ ■ ■ + (n/m,)i+^(/o • • • log(<7)) 

- O (n2+7(m,(eo • • • e,_i)i+^) + (n/eo • • • e,_i)i+7o • • • f^-l log(g)) 

p-small operations. Both summands of this expression are dominated by the esti- 
mation of (1181) . Thus, the total cost of Factorization is dominated by the total 
cost of ResidualPolynomial. 

R=Representative . By Corollarv l5.8[ the cost of one call to Representative is 

O ((/o • • • fi-if)^^'^V^^'^) p-small operations. Along the refinement steps, we have 
f = 1, V = Vi + h; since the value oi h = \X\ grows at each iteration, the cost is 
dominated by the cost of the last iteration, where f = fi,V = l^-i-i = ^ifi{eiVi+hi). 
Thus, we may take 

CR^^ - O ((/o • • ■ f^-lf^y+'iV^+ly+') p-smah Operations. 

By the recurrent formulas for Vi in section [U and Lemma [2.2[ 14+i/(eo • • • ej) < 
Vr+i/ (eo • • • Gr) < 2S/n. Hence, /o • ■ • fiVt+i < 2S. By (HH), we get: 

l<t<r l<.i<r 1S*S^ 

<{2sy+'y — i!- = o(s^+'). 
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This completes the proof of the theorem. 



□ 



5.3. Complexity of the general factorization algorithm. 

Let Fi, . . . ,Fg £ Op[x] be the monic irreducible factors of the input polynomial 
F G A[x]. Denote Us = degF^, 5s = 6{Fs), and let be the Okutsu depth of Fg, 
for all 1 < s < 5. 

The output of the Montes algorithm is a forest T = 7i U • • • U Tfc, disjoint union 
of k connected trees, one for each irreducible factor of F. Let TZ C T he the set 
of the k root nodes of T, each one labelled by an irreducible factor ipo of F (see 
Figure [HI). If we convene that the root nodes have level zero, the level of a node 
n G T \ 7?. is, by definition, the level of its unique previous node plus one. These 
nodes are labelled by a triple of fundamental invariants, n = (^n, An, V'n)- 

Notation. For each n G T of level i, we denote: 

t„ :— the type of order i obtained by gathering the fundamental invariants of all 
nodes in the unique path joining n with its root node. 

Fn the product of all irreducible factors of F which are divisible by tn. 

Bn ■= the set of nodes of level i + 1 whose previous node is n. We say that the 
nodes of Sn are branches of n. 

Let £ c T be the set of all leaves of T. These leaves are in 1-1 correspondence 
with the g irreducible factors of F over Op . Suppose that n is the leaf attached to 
Fs- The level of n is Ts + 1, and we denote by tn the corresponding type of 

order Vg + I. By construction, is an OM representation of Fg, and the family 
of the (j>r^+i polynomials of ti,...,tg is an OM factorization of F over Op. In 
particular, Fn = Fs, by Corollary 13. 101 

The root nodes are determined by the factorization of F over ¥[y]. Hence, their 
computation has a cost of 0(n^+'^ + n^+'^ log((7)) p-small operations. Let 

Rout : ={Newton, ResidualPolynomial, Factorization, Representative}, 

be the family of the four fundamental subroutines of the Montes algorithm. For 
each routine R G Rout and each node m G T \ -C, let _Bp^ ^ be an upper bound 
of the cost, measured in number of p-small operations, of any call to R along the 
different iterations of the WHILE loop that are necessary to compute all nodes of 
Bin- Then, the total cost of the Montes algorithm is 



Our first task is to find estimations for these upper bounds _Bp^ 
Lemma 5.13. For all m E T \ C, we have F^ — HneB 

Proof. For an arbitrary node n G T, let £„ C £ be the set of leaves that are 
connected to n. By definition, Fn is the product of all irreducible factors of F 
attached to the leaves in £n- On the other hand. Cm is clearly the disjoint union 
of all Cn, for n G Bm- D 



(19) 
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Lemma 5.14. Let m. eT\C he a node of level i — 1 > 0. Let ej, fj, hj, < j < i 
be the Okutsu invariants of the type tm, and take mi :— ei_i/i_iTOi_i. Denote 

^neB„\£ ' nil ^neB^nc fo---fi-i ' 

where, for each n G Bm H C, Ft ^ F^ is an adequate choice of an irreducible 
factor of F such that tm | Ft. Then, for R=Newton or Representative, we have 
^R m ^ ^ (n^+'^J^+'^i?) , whereas for R=ResidualPolynomial or Factorization, 
we have = O (n^+Vo • ' • fi-i log((?)S) . 

Proof. Denote for simplicity t = tm, = Bm- Since m is not a leaf, the type t is 
strongly optimal. Along the construction of the node m, the algorithm computes 
an initial representative </) of t (of degree rui) and the positive integer cj := ordt(-F). 
By the definition of Fm, and Lemmas 12.61 15.151 

(20) UJ = ordt(F) - ordt(^^m) = degF^/m, - (V degF„) /m,. 

Suppose R = Newton. In the first iteration of the WHILE loop concerning m, 
the routine Newton (t,aj,F) is called to compute the polygon Ni^uj{F) determined 
by the first w + l coefficients of the 0-expansion of i^. By Lemma [5?5| this has a cost 
of 0{ujn^~^'^) operations in A. By Theorem 13. 14[ we may work with precision ^ + 1, 
so that the computation requires 0(ajn^+'^(5^+^) p-small operations. By (PD|) . this 
cost may be distributed into a cost of 0((deg F„/mi)ri^+'^(5^+'^) p-small operations 
for each node n G B. 

The WHILE loop yields a factorization, F^ — Yl\^P\,i), where A runs on all 
slopes of Ni^i^{F) and, for each A, the polynomial ip runs on the monic irreducible 
factors of R\^i{F). For each "branch" {X,ip), a representative of the type 
tA.V' •= (t; (</», A, is computed, and the positive integer wa,^ := ordt;^^(F) is 
determined. The polynomial Fx^ip is, by definition, the product of all irreducible 
factors of F that are divisible by t^,^. The factorization of fm determines in turn a 
partition, B — Y[x ip ^^,-4^ where B\^^ contains all nodes n G B such that t^^^ | F^. 
If e\ is the least positive denominator of A and — deg'0, we have 

(21) deg(j)x,iii ^ exf^rui, w = e\f^ux,^. 

— 

In order to analyze these branches, there are four different situations to consider. 

(a) A = — oo. Then, B\,^ = {n} has a single node, which is a leaf of T. The 
irreducible factor attached to this leaf is Fs = (f), and we take n = (0, — oo, — ). 

(b) UJ — \. There is only one branch {X,ip), with e\ = f^ = uj\^ip = 1. The set 
B\.^, — {n} has a single node, which is a leaf of T, and we take n = ((/), A, i)). 

(c) exf^ > 1. Then, n := {(f),X,ip) G B is already a node of level i oi T \ C In 
other words, B\,^ — {n} singles out already a node of B, which is not a leaf of T. 

(d) > 1, — 1. We fall in a refinement step; the slope A is a negative integer 
(ca = 1), and has degree = 1. We consider (jjx^^ as a new representative of t, 
and uj\^^ as the new future length of the Newton polygons of «-th order to analyze. 

In case (d), we take (t, 4i\^^,lo\^^) as the input data of a future call of the WHILE 
loop, yielding a further factorization of Fx^^ and a further partition of B\^ip. This 
loop will follow the same pattern as above, with a minor difference. In the first 
iteration, Ni^^^ {F) — N[' {F) is the principal Newton polygon of F with respect to 
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(t, (/)); however, after a refinement step, Ni^^^^ ^(^) is only the part of Nf{F) (now 
with respect to (t, (/)a,v))i formed by the sides of slope greater than |A| in absolute 
size |GMNll| Sec. 3]. In any case, the cost of the new call to Newton is again 
0{ujx^^n^~^'^5^~^'^) p-small operations, and it may be distributed again into a cost of 
0{{deg Fn/mi)n^^^d^^^) p-small operations for each node n e B\,^. 

Therefore, the total cost of the computation of B is obtained by counting a cost 
of 0((deg Fn/mi)n^+^(5^+'), for each n G B and for each iteration of the WHILE 
loop where this node was concerned (i.e. n G B\_^,). Let us find upper bounds for 
these numbers of iterations. The discussion is different for n being a leaf or not. 
Note that if n is a leaf then degFn/mi — 1. 

Suppose that n — (0n, An, V'n) G ;B is not a leaf. Let Fg be one of the irreducible 
factors of Fn, and ds £ k^'^^ a root of Fs- Along the different iterations of the 
WHILE loop where this node is concerned, we consider different representatives (f> 
of the type t such that v{(p{6s)) increases strictly (cf. the proof of Lemma [5.12^ . 
By Proposition 11.81 the total number of iterations before we reach the node n is 
bounded from above by [|An|]. 

Suppose now n e B fl £, and let Fg be the irreducible factor attached to this 
leaf. We may assume that there are at least two iterations of the WHILE loop 
concerning n. Let (t, 0, a;) be the input data of the penultimate of these iterations. 
Since we do not fall in case (b), we have necessarily u > 1. Let (A, ip) be the branch 
such that n G B\^jf,. If ^B\^^ > 1, we take Ft to be an irreducible factor of Fx^^ 
such that Ft ^ Fg. If B\,^ = {n}, then Fa.V; = ^n, and the formula (l20l) shows that 
wa,i/j — degFx^^/rrii = 1. By (|2T|) . there is some branch (A',V') (•^jV'): because 
uj > 1 and ca = /,/; = 1; in this case we take Ft to be one of the irreducible factors 
of F\i . Lemma 12.71 shows in any case that 

v{Res{Fs,Ft))/{h ■ --U-i) > m)£{Ft){V, + min{|A|, |A'|}) > min{|A|, |A'|}, 

where £{Fs),£{Ft) are the lengths of Ni{Fs), Ni{Ft), respectively. In all previous 
iterations of WHILE, the branch concerning n was a refinement step, and the 
absolute size of the corresponding slope was an integer that grows strictly in each 
iteration; thus, the total number of iterations concerning n is bounded from above 
by 1 + 1^1, for every slope /x of the Newton polygon of the penultimate iteration. 

Therefore, all estimations of the lemma about the contributions of the different 
nodes n G Z? to the total cost of Newton are correct. This ends the proof of the 
lemma in the case R=Newton. 

Assume now R^^Newton. In every iteration of the WHILE loop, with input 
data (t,(/),ti;), we compute the residual polynomials R\^i{F), for A running on all 
slopes of Ni^^{F). Then we factorize these polynomials over F^, and for each monic 
irreducible factor ip of R\^i{F), we compute a representative of the type tA,^. 

Let ^(A), o?(A) be the length and degree of the side of slope A. Lemma [STBl shows 
that the cost of the computation of R\^i{F) is O (c?(A)(/o • • ■ /i-i)('7ii)^''''^ log(g)) 
p-small operations. Since oj is the length of Ni^^{F), we have 

^ = Ea = Ea ^^'^(^^ ^ Ea 

Therefore, the total cost of all calls to ResidualPolynomial during this iteration is 
bounded from above by O (w(/o • ■ • /i_i)(mj)^+^ log(g)). As in the case R=Newton, 
this cost is the product of a constant part, (/o • ■ • fi^i){'mi)^~^'^ \og{q), times a vari- 
able part, u!. As before, we can distribute w into a cost of degFn/mi, for every 
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node of B, and the same arguments lead to an analogous esthiiation for -Br^, for 
R=ResidualPolynomial, just by changing the constant part. 

Assume now R=Factorization. By Lemma 15.181 the cost of the factorization 
ofRxAF) over F, is O (d(A)2+-(/o • ■ • + d(A)i+^(/o • • • /,-i)2+nog(g)) p- 
small operations. Since d{X) < uj = degFm/mi < n/rrii < n-/(/o • • • /i-i), this 
cost is O (d(A)n^+'^/o • • • fi-i log{q)) . Thus, the cost of all calls to Factorization 
during this iteration is O (a;n^''"'/o • ■ • /i-i log((7)) . We obtain the estimation of 
m by the same arguments of the previous cases. 

Finally, let R=Representative. Let V\,jf, :— (ex)'^ fti,{Vi + |A|). By Lemma [5.81 
the cost of the computation of a representative of tx.ii, is 

(22) O((/o---/._i/0)2+^(yx,^)'+O P-small operations. 

Instead of distributing this cost, we now attach the whole cost (|22|) to every node 
n e B\^tp, so that our estimation is sharp only when 4t^B\,^ — 1. 

Let us estimate the accumulated cost of every node n £ Along all refinement 
steps, we have = 1 and Vx^^p = Vi + |A|, where |A| is a positive integer that grows 
strictly at each iteration; thus, the higher cost of occurs at the last iteration. 

Suppose n G B\C. After eventually some refinement steps, in the last iteration, 
fxji = /i,n, = Vi+i,m Okutsu data of the type tn. Let Fs be any irreducible 
factor of F„. As in the proof of Theorem 15. 9( /o • • • /i-i/j,nVi+i,n < 25(Fs) < 25. 
Since there are at most [lAnl] iterations (Proposition [TTH]), the accumulated cost of 
the computation of n is bounded from above by 

r|A„n (/o • • • /.-i/.,„)'+^(l^.+i,n)^+^ = O {\K\n5'+') . 

Finally, let n G Z5 fl £. In the last iteration there is no call to Representative. 
Let (t,0,(u;) be the input data of the penultimate iteration, and let {X,ili) be the 
branch concerning n. Let u be the ordinate of the left end point of the side of slope 
A of Ni,^{F). Since u ^ and we work with precision (5+1, we have necessarily 
u < Seo ■ ■ ■ Bi-i. Now, Vi + |A| is the ordinate of the left end point of Ni{Fn); 
by the theorem of the product, + |A| < u < Scq ■ ■ ■ Ci-i. As we saw along the 
proof of the case R=Newton, the total number of all-but-last iterations is bounded 
from above by i;(Res(F„, Ft))/{fo ■ ■ ■ /i-i); thus, the accumulated cost of all calls 
to Representative along the computation of n is 

O ((/o ■ • ■ f^-ly+'{V^ + \X\y+'v{Res{Fn,Ft))) ^ O {{mi)'+'5'+'v{Res{Fn, Ft))) . 
This ends the proof of the lemma. □ 

Theorem 5.15. The cost of the Montes algorithm over Op, applied to a monic se- 
parable polynomial F G A[x] of degree n is O (n'^'^'^ + n^"*"*^ (1 -I- S) log{q) + n^'^'^S'^'^'^) 
p-small operations, where S :— Up(Disc(F)). 

Proof. Let J\f T \ {TZ U C) be the set of nodes that are neither a root nor a leaf 
of T. Let us denote Xi^si^-i.s, fi,s,Tni^s, etc. for the Okutsu invariants of at level 
i < rg. Also, we denote ps,t ■= v{Res{Fs, Ft)), for all 1 < s 7^ < < g. 
We shall use the estimation p^ . and two obvious identities: 

(23) E l^nl^ = E E E + Ps,) = 0{6). 

11 in 1 1 lit Q 

By (IT^l) . we need only to estimate X]meT\£ ^R mj each subroutine ReRout. 
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R=Newton or Representative. By Lemma [5.141 (fT6|) and ([23| . 

i:„.n. ^ + s... "••') 

R=ResidualPolynomial or Factorization. The argument is analogous. 
E S"-logw(E„e.|A„|/...^/.-,^2£f^ + i:,^^P„,) 

mer\£ ^ n / 

= n^+^l0g(9)fo<< fo<-< \>^.s\ ^'-'"'^'-'-'"' )+Ps,) 

= n'+^ log{q)0 (Ei<,<, + Z'^^*) = O {n'+'Slog{q)) . 

□ 

Corollary 5.16. The complexity of the Montes algorithm is O i^n^^'^ + n 
word operations, if p is small. 

5.4. Approximate factorization of polynomials over local fields. Theorem 
15. 151 leads to an improvement of the complexity estimates of all routines mentioned 
in the Introduction. In this section, we discuss the new estimation obtained for the 
factorization of polynomials over local fields, up to a prescribed precision. 

Let F G A[x\ be a monic separable polynomial of degree n, and denote 5 := 
Vp(Disc(F)). Let p be a non-zero prime ideal of A, and Fi,...,Fg G Op[x] the 
irreducible factors of F over Op . Suppose an OM factorization of F over Op [x] has 
been computed, in the form of a family t^^-j^ , . . . , t^ of OM representations of the 
irreducible factors, that faithfully represents F, and satisfies ([T2|) . Then, the single- 
factor lifting algorithm (SFL) derives from each t^?^ a monic polynomial G A[x], 
irreducible over Op, such that « Fg and Pg = Fg (mod m"), for an arbitrary 
prescribed precision v. 

Theorem 5.17. The SFL algorithm requires 0{nnsV^^'^ + nS].'^'^) p-small opera- 
tions, where Ug :— degFs, 6g := S(Fg). 

Proof. Let rg be the Okutsu depth of Fg. Along the proof of |GNP12[ Lem. 6.5], it 
is obtained an estimation of O (nng{iy^'^'^ + p-small operations. 

In Lemma I^T^ we have seen that the Okutsu discriminant 5Q{Fg) Vr,+i/e{Fg) is 
bounded from above by 2Ss/ng. This proves the theorem. □ 

By applying the SFL routine to each OM representation t^i , . • • , ti? , we get an 
OM factorization, F « Pi • • • Pg, such that Pg = Fg (mod m''), for all 1 < s < 

Theorem 5.18. A combined application of the Montes and SFL algorithms, com- 
putes an OM factorization of F with prescribed precision v, at the cost of 

O (n^+' + 7i^+''(l + S) \ogq + n^'^^S'^'^" -f p-small operations. 

If p is small, we obtain a cost of O (?i^+'^ + n^+'(5^+' + n'^u^^'^^ word operations. 
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Proof. The estimation is obtained by adding to the cost of the Montes algorithm, 
given in Theorem 15.151 the sum of the costs of SFL given in Theorem 15.171 for 
1 ^ s < g, having in mind that rii + ■ ■ ■ + Ug = n, di + ■ ■ ■ + 5g < 5. □ 

In comparison with previous estimations, the total degree inn, d and v is reduced 
from 4 + e to 3 + e. 
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